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Abstract. We prove that a type IIi factor M can have at most one Cartan subalgebra A sat- 
isfying a combination of rigidity and compact approximation properties. We use this result to 
show that within the class TiT of factors M having such Cartan subalgebras A C M, the Betti 
numbers of the standard equivalence relation associated with A C M ([G2]), are in fact isomor- 
phism invariants for the factors M, f3^ (M), n > 0. The class Ti.T is closed under amplifications 
and tensor products, with the Betti numbers satisfying /3„ (M*) = /3„ {M)/t,\/t > 0, and 
a Kiinneth type formula. An example of a factor in the class TiT is given by the group von 
Neumann factor M = L{I? xi SL{2,Z)), for which /Sf^ (M) = /3i (S'L(2, Z)) = 1/12. Thus, 
M* 9^ M,\/t 1, showing that the fundamental group of M is trivial. This solves a long 
standing problem of R.V. Kadison. Also, our results bring some insight into a recent problem 
of A. Connes and answer a number of open questions on von Neumann algebras. 
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0. Introduction. 

We consider in this paper the class of type IIi factors with maximal abelian *-subalgebras 
satisfying both a weak rigidity property, in the spirit of Kazhdan and Connes- Jones ( [Kaz] , 
[CJ]), and a weak amenability property, in the spirit of Haagerup's compact approximation 
property ([H]). Our main result shows that a type IIi factor M can have at most one such 
maximal abelian *-subalgebra A C M, up to unitary conjugacy. Moreover, we prove that 
if A a M satisfies these conditions then A is automatically a Cartan subalgebra of M, 
i.e., the normalizer of A in A/'(A) = {u E M \ uu* = l^uAu* = A], generates all the 
von Neumann algebra M. In particular, H{A) implements an ergodic measure preserving 
equivalence relation on the standard probability space (X, /x), with A = L°°(X, /x) ([FM]), 
which up to orbit equivalence only depends on the isomorphism class of M. 

We call HT the Cartan subalgebras satisfying the combination of the rigidity and com- 
pact approximation properties and denote by HT the class of factors having HT Cartan 
subalgebras. Thus, our theorem implies that if M e HT, then there exists a unique (up 
to isomorphism) ergodic measure-preserving equivalence relation TZj^ on (X, //) associated 
with it, implemented by the HT Cartan subalgebra of M. In particular, any invariant for 
TZj^ is an invariant for M G HT. 

In a recent paper ([G2]), D. Gaboriau introduced a notion of £^-Betti numbers for ar- 
bitrary countable measure preserving equivalence relations TZ, {/3n(^)}n>o, starting from 
ideas of Atiyah ([A]) and Connes ([C4]), and generalizing the notion of L^-Betti numbers 
for measurable foliations defined in ([C4]). His notion also generalizes the £^-Betti num- 
bers for discrete groups Tq of Cheeger-Gromov ([ChCr]), {(3n{^o)}n>Oj as Gaboriau shows 
that /9n(ro) = /9n(^ro): ior any countable equivalence relation TZro implemented by a free, 
ergodic, measure-preserving action of the group Fq on a standard probability space {X, /j.) 

We define in this paper the Betti numbers (-^)}n>o of a factor M in the class HT as 

HT HT 

the the £^-Betti numbers ([G2]) of the corresponding equivalence relation TZj^ , {j3n{'R-M ) In- 
Due to the uniqueness of the HT Cartan subalgebra, the general properties of the Betti 
numbers for countable equivalence relations proved in ([G2]) entail similar properties for 
the Betti numbers of the factors in the class HT. For instance, after proving that HT is 
closed under amplifications by arbitrary /; > 0, we use the formula f3n{TZl^) = (3n{TV}/t in 

HT HT 

([G2]) to deduce that (M*) = /3„ {M)/t,\/n. Also, we prove that HT is closed under 
tensor products and that a Kiinneth type formula holds for (3^ {Mi®M2) in terms of the 
Betti numbers for Mi,M2 G HT, as a consequence of the similar formula for groups and 
equivalence relations ([B], [ChGr], [Lii], [G2]). 

Our main example of a factor in the class HT is the group von Neumann algebra L{Gq) 
associated with Gq = 1? ~A 5'L(2,Z), regarded as the group-measure space construction 
L°°(T2, ^) = AqC. Ao SL{2, Z), where is regarded as the dual of I? and (Tq is the 
action implemented by SL{2, Z) on it. More generally, since our HT condition on the Cartan 
subalgebra A requires only part of A to be rigid in M, we show that any cross product factor 
of the form A><\^ SL{2, Z) , with A = Ao<S)Ai , cr = ctq (8) o"! and cri an arbitrary ergodic action 
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of SL{2, Z) on an abelian algebra Ai, is in the class TiT. By a recent result in ([Hj]), based 
on the notion and results on tree-ability in ([Gl]), all these factors are in fact amplifications 
of group- measure space factors of the form L°°{X, ji) xi F„, where F„ is the free group on n 
generators, n = 2, 3, .... 

To prove that M belongs to the class T^T, with A its corresponding HT Cartan subalge- 
bra, we use Kazhdan's rigidity of the inclusion 1? <zl? x SL{2, Z) and Haagerup's compact 
approximation property of SL(2, Z). The same arguments are actually used to show that if 
a G C, |a| = 1, and Lq,(Z^) denotes the corresponding "twisted" group algebra (or "quan- 
tized" 2-dimensional thorus), then Mq, = Lq,(Z^) xi SL{2,Z) is in the class HT if and only 
if ct is a root of unity. 

HT 

Since the orbit equivalence relation TZj^j implemented by 5'L(2,Z) on A has exactly 

HT 

one non-zero Bctti number, namely /9l(7^^ ) = /3i{SL{2,Z)) = 1/12 ( [B], [ChGr], [G2]), it 
follows that the factors M = Ax^^L(2, Z) satisfy (M) = 1/12 and (M) = 0, Vn ^ 1. 
More generally, if a is a n'th primitive root of 1, then the factors Mq, = Lq,(Z^) x SL{2, Z) 

HT HT 

satisfy j3i (Mq,) = n/12,/9^ (Mq) = 0,\/k ^ 1. We deduce from this that if a, a' are 
primitive roots of unity of order n respectively n' then Mq, ~ Mq/ if and only if n = n'. 

Other examples of factors in the class TiT are obtained by taking discrete groups Fq 
that can be embedded as arithmetic lattices in SU (n, 1) or SO(m, 1), together with suitable 
actions a of Fq on abelian von Neumann algebras A ~ L(Z^). Indeed, these groups Fq 
have the Haagerup approximation property by ([dCaH], [CowH]) and their action cr on ^ 
can be taken to be rigid by a recent result of Valette ([Va]). In each of these cases, the 
Betti numbers have been calculated in ([B]). A yet another example is off'ered by the action 
of SL{2,Q) on Q^: Indeed, the rigidity of the action of SL{2,Z) (regarded as a subgroup 
of SL{2, Q)) on 1? (regarded as a subgroup of Q^), as well as the property H of SL[2, Q) 
proved in ([CCJJV]), are enough to insure that L(Q^ xi S'L(2, Q)) is in the class HT. 

As a consequence of these considerations, we are able to answer a number of open ques- 
tions in the theory of type IIi factors. Thus, the factors M = A x^j 5'L(2, Z) (more generally, 
A Xg- Fq with Fq, o" as above) provide the first class of type IIi factors with trivial funda- 
mental group, i.e. ^(M) = {t > I M* ~ M} = {1}. Indeed, we mentioned that 

HT HT HT 

(3^ (M*) = (3^ {M)/t,\/n, so that if (3^ (M) ^ 0, oo for some n then ^(M) is forced to 
be equal to {1}. 

In particular, the factors M are not isomorphic to the algebra of n by n matrices over M, 
for any n > 2, thus providing an answer to Kadison's Problem 3 in ([Kl]) (see also Sakai's 
Problem 4.4.38 in [S]). Also, through appropriate choice of actions of the form a = ao ® ai, 
we obtain factors of the form M — A>i^ SL{2, Z) having the property F of Murray and von 
Neumann, yet trivial fundamental group. 

The fundamental group ^{M) of a IIi factor M was defined by Murray and von Neumann 
in the early 40's, in connection with their notion of continuous dimension. They noticed 
that ^(M) = ]R!j_ when M is isomorphic to the hyperfinite type IIi factor i?, and more 
generally when M "splits off" R. 

The first examples of type IIi factors M with =^(M) ^ M^, and the first occurence of 
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rigidity in the von Neumann algebra context, were discovered by Connes in ([CI]). He proved 
that if Go is an infinite conjugacy class discrete group with the property (T) of Kazhdan then 
its group von Neumann algebra M = L{Gq) is a type IIi factor with countable fundamental 
group. It was then proved in ([Pol]) that this is still the case for factors M which contain 
some irreducible copy of such L{Gq). It was also shown that there exist type IIi factors 
M with ^(M) countable and containing any presribed countable set of numbers ([GoNe], 
[Po4]). However, the fundamental group ^{M) could never be computed exactly, in any of 
these examples. 

In fact, more than proving that ^(M) = {1} for M = A x^- S'L(2,Z), the calculation 
of the Betti numbers shows that M*i®M*2...®M*" is isomorphic to W^'^W^ ..MM"^ 
if and only if n = m and tit2---tn = siS2---Sm- In particular, all tensor powers of M, 
M^'^,n = 1, 2, 3, are mutually non-isomorphic and have trivial trivial fundamental group. 
(N.B. The first examples of factors having non-isomorphic tensor powers were constructed 
in [C4]; another class of examples was obtained in [CowH]). In fact, since (M®") ^ 
iS k = n, the factors {M®"^}^>i are not even stably isomorphic. 

In particular, since M* ~ L°^{X, /i) x F„ for t = (12(n - 1))"^ (cf [Hj]), it follows that 
for each n > 2 there exist a free ergodic action cr„ of on the standard probability space 
(X, //) such that the factors M„ = L°°(X,//) Xcr„ F^,n = 2,3,..., satisfy Mfc^^...®Mfcj, ~ 

M/^®...®M/^ if and only if p = r and kik2---kp = lil2---lr- Also, since 13^ (M^) ^ 0, the 
Kiinneth formula shows that the factors are prime within the class of type IIi factors 

in nr. 

Besides being closed under tensor products and amplifications, the class TiT is closed 
under finite index extensions/restrictions, i.e., if C M are type IIi factors with finite 
Jones index, [M : N\ < oo, then M e l-CT if and only if N e HT. In fact, factors in the 
class HT have a remarkably rigid "subfactor picture" : 

Thus, if M e TiT and iV C M is an irreducible subfactor with [M : X] < oo then 
[M : A^] is an integer. More than that, the graph of C M, F = Tn^m, has only integer 
weights {vk}k- Recall that the weights Vk of the graph of a subfactor N d M are given 
by the "statistical dimensions" of the irreducible M-bimodules Tik in the Jones tower or, 
equivalently, as the square roots of the indices of the corresponding irreducible inclusions 
of factors, M C M{Hk)- They give a Perron-Frobenius type eigenvector for F, satisfying 

fTT' J-J T' hi T' 

FFV = [M : N]v. We prove that if (3^ (M) ^ 0, oo then Vk = /9„ {M{nk))/Pn (^), Vfc, 
i.e., the statistical dimensions are proportional to the Betti numbers. As an application 
of this subfactor analysis, we show that the non-F factor L(Z^ x SL(2,Z)) has two non- 
conjugate period two automorphims. 

We also discuss invariants that can distinguish between factors in the class HT which have 
the same Betti numbers. Thus, we show that if Fq = SL{2, Z), F„, or if Fq is an arithemtic 
lattice in some SU{n, 1), SO{n, 1), for some n > 2, then there exist three non-orbit equivalent 
free ergodic measure preserving actions ai of Fq on (X, n), with Mi = L°°(X, n) Xo-Tq G HT 
non-isomorphic for i = 1, 2, 3.. Also, we apply Gaboriau's notion of approximate dimension 
to equivalence relations of the form TZj^ to distinguish between HT factors of the form 
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Mk — X ... X F^^ X ^oo, with the infinite symmetric group and k = 1,2, which 
all have only Betti numbers. 

As for the "size" of the class HT, note that we could only produce examples of factors 
M = A Xg- Fq in TiT for certain property H groups Fq, and for certain special actions 
a of such groups. We call the groups Fq for which there exist free ergo die measure 
preserving actions a on the standard probability space {X,ij,) such that L°°{X,ij,) x^ Fq G 
nr. Besides the examples Fq = SL{2,Z), SL{2,Q),¥ n, or Fq an arithmetic lattice in 
SU{n, 1), SO{n, 1), n > 2, mentioned above, we show that the class of groups is closed 
under products by arbitrary property H groups, cross product by amenable groups and finite 
index restriction/extension. 

On the other hand, wc prove that the class HT does not contain factors of the form 
M ~ M®R, where R is the hyperfinite IIi factor. In particular, R ^ TiT . Also, we prove 
that the factors M e T-LT cannot contain property (T) factors and cannot be embedded 
into free group factors (by using arguments similar to [CJ]). In the same vein, we show that 
if G T is not a root of unity, then the factors = L^{I?) x SL{2,Z) = x SL{2,Z) 
cannot be embedded into any factor in the class TiT. In fact, such factors Ma, belong to a 
special class in its own, that we will study in a forthcoming paper. 

Besides these concrete applications, our results give a partial answer to a challanging 
problem recently raised by Alain Connes, on defining a notion of Betti numbers f3n{M) for 
type III factors M, from similar conceptual grounds as in the case of measure preserving 
equivalence relations in ([G2]) (simplicial structure, £^ homology /coho mo logy, etc), a notion 
that should satisfy Pn{L{Go)) = Pn{Go) for group von Neumann factors L(G'o). In this 
respect, note that our definition is not the result of a "conceptual approach" , relying instead 
on the uniqueness result for the HT Cartan subalgebras, which allows reducing the problem 
to Gaboriau's work on invariants for equivalence relations and, through it, to the results 
on £^-cohomology for groups in ([ChGr], [B], [Lii]). Thus, although they are invariants for 
"global factors" M G TiT, the Betti numbers (M) are "relative" in spirit, a fact that 
we have indicated by adding the upper index . Also, rather than satisfying /3„(L(Go)) = 

HT HT 

(3n{Go), the invariants satisfy {A x Fq) = Pni^o)- In fact, note that if A x Fq = 
L{Go), where Go = xFq, then Pn{Go) = 0, while /3^'^(L(Go)) = Pn{To) may be different 
from 0. 

The paper is organized as follows: Section 1 consists of preliminaries: we first establish 

some basic properties of Hilbert bimodules over von Neumann algebras and of their asso- 
ciated completely positive maps; then we recall the basic construction of an inclusion of 
finite von Neumann algebras and study its compact ideal space; we also recall the defini- 
tions of normalizer and quasi-normalizer of a subalgebra, as well as the notions of regular, 
quasi-regular, dicrete and Cartan subalgebras, and discuss some of the results in ([FM]) and 
([PoSh]). In Section 2 we consider a relative version of Haagerup's compact approximation 
property for inclusions of von Neumann algebras, called relative property H (cf. also [Bo]), 
and prove its main properties. In Section 3 we give examples of property H inclusions and 
use ( [PoSh] ) to show that if a type IIi factor M has the property H relative to a maximal 
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abelian subalgebra A (Z M then ^ is a Cartan subalgebra of M. In Section 4 we define 
a notion of rigidity (or relative property (T)) for inclusions of algebras and investigate its 
basic properties. In Section 5 we give examples of rigid inclusions and relate this property 
with the co-rigidity property defined in ([Zi], [A-De], [Pol]). We also introduce a new no- 
tion of property (T) for equivalence relations, called relative property (T), by requiring the 
associated Cartan subalgebra inclusion to be rigid. 

In Section 6 we define the class HT of factors M having HT Cartan subalgebras A C M, 
i.e., maximal abelian *-subalgebras A C M such that M has the property H relative to 
A and A contains a subalgebra Aq C A with A'q D M = A and Aq C M rigid. We 
then prove the main technical result of the paper, showing that HT Cartan subalgebras 
are unique. We show the stability of the class HT with respect to various operations 
(amplification, tensor product), and prove its rigidity to perturbations. Section 7 studies 
the lattice of subfactors of TiT factors: we prove the stability of the class TiT to finite 
index, obtain a canonical decomposition for subfactors in TiT and prove that the index 
is always an integer. In Section 8 we define the Betti numbers {/3^ {M)}n for M e 7iT 
and use the previous sections and ([G2]) to deduce various properties of this invariant. 
We also discuss some alternative invariants for factors M e HT, such as the outomorphism 

group Out„^(M) = Aut(7^J^^ )/Int(7^M ), which we prove is discrete countable, or ad^^ i^)-, 
defined to be Gaboriau's approximate dimension ([G3]) of TZj^ . We end with applications, 
as well as some remarks and open questions. We have included an Appendix in which we 
prove some key technical results on unitary conjugacy of von Neumann subalgebras in type 
III factors. The proof uses techniques from ([Chr], [Po2,3,6], [K2]). 

Acknowledgement. I want to thank U.Haagerup, V. Lafi^orgue and A. Valette for useful 
conversations on the property H and (T) for groups. My special thanks are due Damien 
Gaboriau, for keeping me informed on his beautiful recent results and for useful comments 
on the first version of this paper. I am particularly greatful to Alain Connes and Dima 
Shlyakhtenko for many fruitful conversations and constant support. I want to express my 
gratitude to MSRI and the organizers of the Operator Algebra year 2000-2001, for their 
hospitality and for a most stimulating atmosphere. This article is an expanded version of a 
paper with the same title which appeared as MSRI preprint 2001/0024. 

1. Preliminaries. 

1.1. Pointed correspondences. By using the GNS construction as a link, a representation 
of a group Go can be viewed in two equivalent ways: as a group morphism from Gq into the 
unitary group of a Hilbert space U{H), or as a positive definite function on Gq. 

The discovery of the appropriate notion of representations for von Neumann algebras, as 
so-called correspondences, is due to Connes ([C3,7]). In the vein of group representations, 
Connes introduced correspondences in two alternative ways, both of which use the idea of 
"doubling" - a genuine conceptual breakthrough. Thus, correspondences of von Neumann 
algebras N can be viewed as Hilbert N-bimodules H, the quantized version of group mor- 
phisms into U{H); or as completely positive maps (f) : N ^ N, the quantized version of 
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positive definite functions on groups (cf. [C3,7] and [CJ]). The equivalence of these two 
points of view is again reahzed via a version of the GNS construction ([CJ], [C7]). 

Wc will in fact need "pointed" versions of Connes's correspondences, adapted to the case 
of inclusions B G N, as introduced in ([Pol]) and ([Po5]). In this Section we detail the 
two alternative ways of viewing such pointed correspondences, in the same spirit as ([C7]): 
as "S-pointed bimodules" or as "5-bimodular completely positive maps". This is a very 
important idea, which will be present throughout this paper. 

1.1.1. Pointed Hilhert bimodules. Let be a finite von Neumann algebra with a fixed 
normal faithful tracial state r and B C N a von Neumann subalgebra of N. A Hilhert 
{B C N)-himodule (7i, ^) is a Hilbert A^-bimodule with a fixed unit vector ^ G 7i satisfying 

= ^b,\/b G B. When B = C, we simply call (Ti.,^) a pointed Hilbert N-bimodule. 

If is a Hilbert N-bimodule then ^ G 7^ is a cyclic vector if spN^N = Ti. 

To relate Hilbert {B C A^)-bimodules and S-bimodular completely positive maps on 
N one uses a generalized version of the GNS construction, due to Stinespring, which we 
describe below: 

1.1.2. Prom completely positive maps to Hilhert bimodules. Let be a normal completely 
positive map on A?", normalized so that t(</)(1)) = 1. We associate to it the pointed Hilbert 
A^-bimodule (Ti,^,^^) in the following way: 

Define on the linear space Tio = N ® N the sesquilinear form {xi ® yi,X2 1/2)0 = 
r{(f){x2Xi)yiy2),xi^2,yi,2 £ N. The complete positivity of is easily seen to be equivalent 
to the positivity of (■, Let be the completion of Hq/ ~, where ~ is the equivalence 
modulo the null space of (•, •)<^ in TYo- Also, let be the class of 1 (8) 1 in H<j). Note that 

u<t>r = rim) = I- 

If p = "EiXi ® yi E Ti-Q, then by using again the complete positivity of (p it follows 
that N 3 X ^ T,ijT{(f){x*xxi)yiy*) is a positive normal functional on N of norm {p,p)(j). 
Similarily, AT 9 y — > I]ijT{(f){x*Xi)yiyy*) is a positive normal functional on N of norm 
{PiP)4>- Note that the latter can alternatively be viewed as a functional on the opposite 
algebra A^°p (which is the same as iV as a vector space but has multiplication inverted, 
x-y = yx). Moreover, N acts on TYq on left and right by xpy = x{lliXi®yi)y = T,iXXi®yiy. 
These two actions clearly commute and the complete positivity of entails: 

{xp,xp),j, = {x*xp,p)(p < \\x*x\\{p,p)cj, = \\x\\'^{p,p)(j, 

Similarly 

{py,py)<t> < \\y\\'^{PiP)<i>- 

Thus, the above left and right actions of N on Ho pass to Hq/ ~ and then extend to 
commuting left-right actions on 7i^. By the normality of the forms x {xp,p)(f) and 
y ~^ {py-:P)(l>-: these left-right actions of on 7i<^ are normal (i.e., weakly continuous). 

This shows that (TY^, ^0) with the above A^-bimodule structure is a pointed Hilbert A^- 
bimodule, which in addition is clearly cyclic. Moreover, if S C A?" is a von Neumann 
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subalgebra and the completely positive map is 5-bimodular, then it is immediate to check 
that b^cf) = ^(f)b,\/h e B. Thus, if is 5-bimodular, then (7i<^,C<^) is a Hilbert {B C N)- 
bimodule. 

Let us end this paragraph with some useful inequalities which show that elements that 
are almost fixed by a -B-bimodular completely positive map (p on N are almost commuting 
with the associated vector e ?Y<^: 

Lemma. 1°. \\(j)ix)\\2 < ||(/)(1)||2, Va; G iV, < 1. 

2°. If a = 1V(/)(1) and = a~^/^(/)(-)a~^/^, then (p' is completely positive, B-bimodular 
and satisfies < 1, to0' <to0 and the estimate: 

\\4>'ix) - x\\2 < \\4>ix) - x\\2 + 2||0(1) - Vx G N. 

3°. Assume </>(!) < 1 and de/ine (j)"{x) = 0(6~^/^a;6~^/^), w;/iere = 1 V (dr o (p/dr) e 
L^{N,t)^. Then (j)" is completely positive, B-bimodular and satisfies (f)"{l) < 0(1) < 
1,T o (f)" < T, as well as the estimate: 

Wcp" {x) - x\\l < 2\\(j){x) - x\\2 + 5\\b - ,\/x e N, \\x\\ < 1. 

4°. Ike</. - U^Wl < 2||0(a:) - x\\l + 2||0(l)||2||0(a;) - a;||2, Va; e N, \\x\\ < 1. 

Proof. 1°. Since any x & N with ||x|| < 1 is a convex combination of two unitary elements, 
it is sufficient to prove the inequality for unitary elements u E N. By continuity, it is in fact 
sufficient to prove it in the case the unitary elements u have finite spectrum. If u = T^iXiPi 
for some scalars Aj with |Aj| = 1, 1 < z < n, and some partition of the identity with 
projections pi e AT, then T{(j){pi)(j){pj)) > 0, Vz, j. Taking this into account, we get: 

T{(j){u)(j){u*)) = EijXiXjT{(p{pi)(f){pj)) < Eij\XiXj\T{(j){pi)(j){pj)) 

= E,,,r(0(pOM-))=T(</)(l)0(l)). 

2°. Since a e B' nN, cp' is S-bimodular. Wc clearly have (f)'{l) = a~^/^(p{l)a~^/'^ < 1. 
Since < 1, for a; > we get r(0'(a;)) = T{(j){x)a^^) < T{(p{x)). Also, we have: 

110' (a;) - a;||2 < \\a-^/^(j>{x)a-^/^ - a-^/^xa-'/% + Wa-'/^xa'^/^ - xh 

< ||0(a;)-a;||2 + 2||a-^/2-l||2||a;||. 

But 

||a-^/2 - 1||2 < ||a-i - = ||a-i - aa-% 
< ||a- l||i||a"^|| < ||a-l||i < ||0(1) - 
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Thus, 

\W{x) - x\\2 < Uix) - x\\2 + 2||(/)(1) - l||y^||a;||. 

3°. The first properties are clear by the definitions. Then note that \\y\\2 < s'-iid 
^ llylli- (Indeed, because if (p"* is as defined in Lemma 2.1, then for z E N with 
\\z\\ < 1 we have ||(/>"*(;2)|| < 1 so that \\(j)"{y)\\i = sup{\T{(j)"{y)z)\ \ z e N, \\z\\ < 1} = 
sup{|T(y0"*(^))| \ z e N, \\z\\ < 1} < sup{|r(t/^))| \ z e N, \\z\\ < 1} = ||y||i.) Note also 
that t(6) < 1 + t(0(1)) < 2. Thus, for x e N, \\x\\ < 1, we get: 

W'ix) - x\\l < 2\\r{x) - x\U 

< 2\\4>"{x) - + 2||0(a;) - a;||i 

< 2\\x - b^/^xb^/^\\i + 2\\(j){x) - x\\i. 
< 2\\x - xb^/% + 211x6^/2 - b^/^xb^/% + 2||0(a;) - 

But ||a;||2 < 1 and ||a;6-^/^||2 < t(6) < 2, so by the Cauchy-Schwartz inequaUty the above 
is majorized by: 

2||a;||2||l - b'/% + 2||1 - b'/%\\xb'/% + 2\\cf>{x) - xh 

< (2 + 2^/2)1161/2 _ + 2\\cl>{x) - xh < 5\\b - 1||;/' + 2||0(x) - xh- 
4°. Since by the Cauchy-Schwartz inequality we have 

±ReT(0(x)(0(a;)* - x*)) < ||0(x)||2||0(x*) - a;*||2, 

it follows that 

\\(j){x) - x\\l = T{(p{x)(p{x)*) + 1 - 2ReT{4){x)x*) 
= ReT{(i){x)x*) + ReT{(i){x){(j){xy - x*)) + 1 - 2ReT{(l){x)x*) 
> 1 - ReT{(j){x)x*) - U{x) - x\\2mx)\\2 

= \\x^4> - Mllf^ - U{x) - a;||2||(/>(a;)||2, 

which by part 1° proves the statement. Q.E.D. 

The inequalities in the previous Lemmas show in particular that if (p almost fixes some 
u e U{N), then (piux) is close to u(f){x), uniformly in a; G A^, < 1, whenever we have a 
control over \\(p\\: 
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Corollary. For any unitary element u E N and x G N, we have: 

||</>M-«(/>(a:)||2<||</>ir/'||a:||||K^^]||2 
< \m'/^x\\{2U{u) - u\\l + 2||</>(1)||2||<^(«) - uh)'/'. 

Proof. By using that 110(^2;) — u(f){x)\\2 = sup{|r((0(ttx) — u(f){x))y)\ \ y G N, \\y\\2 < 1}, we 
get: 

Uiux) - U(l){x)\\2 

= sup{\{ux^^y,^^) - {x^4>yu,^^)\ \ y e N, \\y\\2 < 1} 

= sup{|(a;C<^?/, [u*,^)\ \ yeN, \\y\\2 < 1} 

< sup{||a;e<^y||2 I y e iV, ||y||2 < l}||[«*,e<^]||2 
= ||0(x*a;)||V2||[^,^^]||2<||0||V2||^||||[^^^^]||^. 

Q.E.D. 

1.1.3. Prom Hilbert himodules to completely positive maps. Conversely, let (7Y,^) be a 
pointed Hilbert {B C iV)-bimodule, with {^■,\) < cr, for some c> 0. Let T : L\N, r) ^ H 
be the unique bounded operator defined by Ty = ^y,y G N. Thus {^y,^y) < cr{yy*) = 
c\\y\\l, so that ||T|| < c^/'^. 

It is immediate to check that if we denote for clarity by L{x) the operator of left multi- 
plication by X on H, then T satisfies: 

{T*L{x)TiJMyJN{yi)).y2)r = {L{x){iy^y''),iy2)n 
= {L{x)iyi,iy2y)n = {JNyJNiT*L{x)T)yi,y2)r- 

def 

This shows that the operator 0(7^^) (x) = T*L{x)T commutes with the right multiplication 
on L'^{N,t) by elements y e N. Thus, 4)^u,oi^) belongs to {JNNJNynB{L^{N,T)) = A^, 
showing that 4>{n,s.) defines a map from N into N, which is obviously completely positive 
and 5-bimodular, by the definitions. Furthermore, if we denote by Ti' the closed linear span 
of N^N in then U : H(j, H',U{x (8) j/) = x^y is easily seen to be an isomorphism of 
Hilbert {B C iV)-bimodules. 

The assumption that ^ is "bounded from the right" by c is not really a restriction for 
this construction, since if we put = e H \ = ^6, V6 e -B, ^ bounded from the left 
and from the right }, then it is easy to see that is dense in the Hilbert space Ho CH 
all S-central vectors in Ti. This actually implies that any [B C A^) Hilbert bimodule {7i, ^) 
is a direct sum of some (B C A^) Hilbert bimodules {'Hi,^i) with bounded both from left 
and right (Hint: just use the above density and a maximality argument). 

Note that if {H^C) comes itself from a completely positive S-bimodular map </>, i.e., 
— ^4>i^<t>) ^ 1.1.2, then (f>{n,0 ~ ^- Similarly, if {H, ^) is a cyclic pointed {B C N)- 
Hilbert bimodule and (f) = <^ch,^), then (?i<^,^<^) ~ 

Let us also note a converse to Lemma 1.1.3, showing that if ^ almost commutes with a 
unitary element u E N then u is almost fixed hy (f) — 0(7^ ^) , provided we have some control 
over mi)h- 
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Lemma. Let ^ E H be a vector bounded from the right and denote (p = ^(t^,^)- 

1°. Let ao,bo e L^{N,t)+ be such that (-CjC) = ''"("^o)) (C") = '^{'O'o) ^.i^d put a = 
1 V ao, 6 = 1 V 6oj C = b~^/^^a~^/'^. Then 0(1) = ao and we have: 

lle-e'f <2||ao-l||i + 2||6o-l||i. 
2°. Ifue U{N), then we have: 

u{u)-u\\i<\\[uM\i + mmi-^)- 



Proof. 1°. We have: 

lie-e'iP<2|ie-6-^/'eiP + 2|ie-ea-^/^lP 

= 2t((1 - r i/2)26o) + 2t((1 - a-^/'^fao) 
<2||6o-l||i + 2||ao-l||i. 
2°. By part 1° of Lemma 1.1.2 we have T{(f){u*)(f){u)) < r {(f)(1) (f)(1)), so that: 

\\(f)(u) - u\\l = T((f)(u)(f)(u*)) + 1 - 2ReT((f)(u)u*) 

< T((f)(l)(f)(l)) + 1 - 2ReT((f)(u)u*) 
= 2 - 2ReT((l)(u)u*) + (r((/)(l)(^(l)) - 1) 

Q.E.D. 

1.1.4- Correspondences from representations of groups. Let Tq be a discrete group, tq) 
a finite von Neumann algebra with a normal faithful tracial state and a a cocycle action of 
To on (B, To) by To-preserving automorphisms. Denote by A'' = i? x To the corresponding 
cross-product algebra and by {ug}g C N the canonical unitaries implementing the action a 
on B. 

Let (ttojHo, Co) be a pointed, cyclic representation of the group Fq. We denote by 
(^71-0' ^TTo) the pointed Hilbert space (Hq, Cq)'^(L'^{N,t),1). We let act on the right 
on by Cg> x)y = ^ ® (xy),x,y G A^, ^ G Tio and on the left by b(C ® x) = C® bx, 
Ug(C®x) = 7To(g)(C)®u;x,b e B, X e N,g ero,C e Ho. 

It is easy to check that these are indeed mutually commuting left-right actions of N on 
T^TTo- Moreover, the vector ^^ro = Co®l implements the trace t on AT, both from left and right. 
Also, ^TTQ is easily seen to be S-central. Thus, (Tij^,, , ^7i-„ ) is a Hilbert (B C A'^)-bimodule. 

Let now (/? be a positive definite function on Fo and denote by (tTi^, Hip, ^ip) the represen- 
tation obtained from it through the GNS construction. Let ('^^, denote the (B G B >i Fq)- 
Hilbert bimodule constructed out of the representation tt^ as above and the completely 
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positive S-bimodular map associated with {H,^) as in 1.1.3. An easy calculation shows 
that (f) acts on S xi Fq by (f){HgbgUg) = Tig(f{g)bgUg. 

Conversely, if {Ti, ^) is a (-B C N) Hilbert bimodule, then we can associate to it the 
representation ttq on Ho = sp{ug^u* \ g E Tq} by Tio{9)i' = Ug^'u*g,^' E Ho- Equiva- 
lently, if (j) is the S-bimodular completely positive map associated with (H,^) then (p{g) = 
T{4>{ug)u*),g E To, is a positive definite function on Vq. 

1.1.5. The adjoint of a bimodule. Let {Ti^io) be a (S C A^) Hilbert bimodule. Let Ti be the 
conjugate Hilbert space of 7Y, i.e., 7i — H as a set, the sum of vectors in H is the same as 
in Ti., but the multiplication by scalars is given by A ■ ^ = and (^, ry)^ = {rj, ^)-^. Denote 
by ^ the element ^ regarded as a vector in the Hilbert space H. Define on H the left and 
right multiplication operations hy x ■ ^ ■ y — y*^x*., for x,y E N, ^ E Ti. It is easy to see 
that they define a N Hilbert bimodule structure on Ti.. Moreover, is clearly S-central. 
We call (7-{,^o) the adjoint o/(7i,^o)- Note that we clearly have {TCCo) = (T^^Co)- 

Lemma. Let (j) be a normal B-bimodular completely positive map on N . For each x E N let 
(f)*{x) E L^{N,t) denote the Radon-Nykodim derivative of N 3 y h->- T{(f){y)x) with respect 

to T. 

1°. (f)*{N) G N if and only if r o cj) < cr for some c > 0, i.e., if and only if the Radon- 
Nykodim derivative bo = dr o (p/dr is a bounded operator. Moreover, if the condition is 
satisfied then (p* defines a normal, B-bimodular, completely positive map of N into N with 
(f)*{l) = bo and 

\\(P*\\ = ll^oll = inf{c > I r o < cr}. 
2°. If (f) satisfies condition 1° then cf)* also satisfies it, and we have (</>*)* = 4>. Also, 

3° . If r o (j) <r then for any unitary element u E N we have: 

W{u)-u\\l<2\\(l>{u)-u\\2. 

Proof. Parts 1° and 2° are trivial by the definition of 

To prove 3°, note that by part 1°, r o < r implies (/>*(1) < 1 and so by Lemma 1.1.2 
we get: 

\\(j)*{u) - u\\l = T{(f)*{u)(f)*{uy) + 1 - 2ReT{(f)*{u)u*) 
< t(0*(1)0*(1)) + 1 - 2ReT((f){u)u*) < 2 - 2ReT{(f){u)u*) 
= 2ReT((w - 0(w)K) < 2\\(j){u) - u\\2. 

Q.E.D. 

1.2. Completely positive maps as Hilbert space operators. We now show that if a 
completely positive map (f) on the finite von Neumann algebra N is sufficiently smooth with 
respect to the normal faithful tracial state r on A, then it can be extended to the Hilbert 
space -L^(A, r). In case (p is -B-bimodular, for some von Neumann subalgebra B G N, these 
operators belong to the algebra of the basic construction associated with B G N, defined in 
the next paragraph. 
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1.2.1. Lemma. 1°. If there exists c > such that \\(j){x)\\2 < c||a;||2,Va; e N, then 
there exists a bounded operator on L'^{N,r) such that T^{x) = (f>{x). The operator Tfj, 
commutes with the canonical conjugation Jn ■ Also, if B d N is a von Neumann suhalgehra, 
then T(j) commutes with the operators of left and right multiplication by elements in B (i.e., 
T(j, E B' n {JBjy ) if and only if the completely positive map (p is B-bimodular. 

2°. If T o (j) < cqt, for some constant cq > 0, then (f) satisfies condition 1° above, and so 
there exists a bounded operator Tcj, on the Hilbert space L'^{N,t) such that T(j){x) = (t>{x), 
for X e N. Moreover, if (f)* : N ^ N is the adjoint of 4>, as defined in 1.1.4, then WT^W^ < 
||(/)(l)lll|(/)*(l)||. Also, (p* satisfies T o (j)* < ||(^(1)||t and we have T^* =T^. 

3°. If (p is B-bimodular then (p{l) E B' (1 N. Thus, if we assume B' Ci N = Z{B) then 
0(1) G Z{B), T o (f) < ||(/)(1)||t and the bounded operator T<^ exists by 2° . If in addition 
(p{l) = 1, then (f) is trace-preserving as well. 

Proof. 1°. The existence of T<^ is trivial. Also, for x E N we have 

T^{J{x)) = = (Pixy = Jn{T4>{x)). 

If (p is -B-bimodular and 6 G -B is regarded as an operator of left multiplication by b on 
L'^{N,t), then we have 

bT^ix) = bcplx) = (Pibx) = T^ibx). 

Thus, e B'. 
Similarily, 

JbJ{T^{x)) = (p{x)b = (p{xb) = T^{JbJ{x)) 

showing that T<^ G JBJ' as well. Conversely, if T^ E B' f] JBJ', then by exactly the same 
equalities we get (p{bx) = b(p{x), (p{xb) = (p{x)b, ^x E N,b E B. 
2°. By Kadison's inequality, for a; G M we have 

{T^{x),T^{x))^T{cP{xrcP{x)) < ||0(1)||t(0(x*x)),Vx G N. 

Thus, by Lemma 1.1.5 we have \\T^f < ||(/)(1)||||(/)*(1)||. The last part is now trivial, by 
1.1.5 and the definitions of T^, (p* and T^. . 

3°. The S-bimodularity of (p implies u(p{l)u* = (/)(1), Vw G thus (p{l) E B'nN. 

Using again the bimodularity, as well as the normality of (p, for each fixed x E N we have 

t{(P{x)) = r{u(p{x)u*) = t{(P(uxu*)) = r{(p{y)) 

for all u E tl{B) and all y in the weak closure of the convex hull of {uxu* \ u E U{N)}. The 
latter set contains EB'nNix) E B' f] N C B (see e.g. [Po6]), thus 



T{(P{x))^T{(P{EB'nN{x)))^T{EB'nN{x)(P{l)). 
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This shows that if x > then r(0(a;)) < ||0(l)||r(a;). It also shows that in case (/>(!) = 1 
then T{(f){x)) = t{x), e A^. Q.E.D. 

1.3. The basic construction and its compact ideal space. We now recall from ([Chr], 
[Jl], [Po2,3]) some well known facts about the basic construction for an inclusion of finite 
von Neumann algebras B G N with a normal faithful tracial state r on it. Also, we establish 
some properties of the ideal generated by finite projections in the semifinite von Neumann 
algebra {N, B) of the basic construction. 

1.3.1. Basic construction for B G N. We denote by {N^B) the von Neumann algebra 
generated in B{L'^{N,t)) by (regarded as the algebra of left multiplication operators by 
elements in A^) and by the orthogonal projection of L^(M, r) onto L'^{B,t). 

Since cbxcb — EB{x)eB,yx e N, where Eb is the unique r-preserving conditional 
expectation of N onto B, and V{a;(eB(L2(7V))) \ x E N} = L'^{N), it follows that spTVeeTV 
is a *-algebra with support equal to 1 in B{L'^{N, r)). Thus, {N, B) = sp^{xeBy \ x,y e N} 
and csiN, B,)eB = Bcb- 

One can also readily see that if J = Jjv denotes the canonical conjugation on the Hilbert 
space L2(iV, r), given on N by J{x) = x% then (iV, B) = JBJ' n B{L'^{N, r)). This shows 
in particular that {N, B) is a semifinite von Neumann algebra. It also shows that the 
isomorphism of iV C (A^, B) only depends on B (Z N and not on the trace t on N (due to 
the uniqueness of the standard representation). 

As a consequence, if is a S-bimodular completely positive map on A'" satisfying ||(/)(x)||2 < 
c||a;||2, Vx G A^, for some constant c > 0, as in Lemma 1.2.1, then the corresponding operator 

on L'^{N, t) defined by T^{x) = (p(x), xeN belongs to B' (1 {N, B). 

We endow (AT, B) with the unique normal semifinite faithful trace Tr satisfying Tr{xeBy) = 
T{xy),^x,y G A^. Note that there exists a unique A^ bimodule map $ from spNcbN C 
{N,B) into A^ satisfying $(xey) = xy,^x,y G A^, and r o $ = Tr. In particular this en- 
tails ||$(X)||i < ||X||i^Tr,VX G spNcbN. Note that the map $ extends uniquely to a 
AT-bimodule map from L^{{N,B),Tr) onto L^{N,t), stiU denoted This N- bimodule 
map satisfies the "pull down" identity eX = e$(eX),VX G {N,B) (see [PiPo], or [Po2]). 
Note that $(eX) actually belongs to L^{N,t) C L^{N,t), for X G {N,B). 

1.3.2. The compact ideal space of a semifinite algebra. In order to define the compact ideal 
space of the semifinite von Neumann algebra {N, B) , it will be useful to first mention some 
remarks about the compact ideal space of an arbitrary semifinite von Neumann algebra M . 

Thus, we let J{M) be the norm-closed two-sided ideal generated in M by the finite 
projections of A/", and call it the compact ideal space oi N (see e.g., [KafW], [PoRa]). Note 
that T e belongs to J{M) if and only if all the spectral projections e[g^oo)(|2^|)) s > 0, 
are finite projections in H. As a consequence, it follows that the set J^{H) of all elements 
supported by finite projections (i.e., the finite rank elements in J{H)) is a norm dense ideal 
in J{M). 

Let further e G A/" be a finite projection with central support equal to 1 and denote 
by Je{-^) the norm closed two-sided ideal generated by e in jV. It is easy to see that an 
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operator T e belongs to JiM) if and only if there exists a partition of 1 with projections 
{zi\i in Z{J\f) such that Tzi e JeiJ^i^i- In particular, if p e jV is a finite projection then 
there exists a net of projections Zi G Z^M) such that Zi ^ 1 and pzi G J^e{J^)i^i (see e.g., 2.1 
in [PoRa]). Also, T G Je(A/') iff e[s,oo)i\T\) G Je{M),\/s > 0. In turn, a projection / G A/" 
lies in JeiM) iff there exists a constant c > such that that Tr{fz) < cTr{ez), for any 
normal semifinite trace Tr on J\f and any projection z G Z{J\f). 

The next result, whose proof is very similar to some arguments in ([Po7]), shows that 
one can "push" elements of J^iN") into the commutant of a subalgcbra B of A/", while still 
staying in the ideal J'{N'), by averaging by unitaries in B. We include a complete proof, for 
convenience. 

Proposition. Let B d M he a von Neumann subalgebra of M . For x E M denote = 
Qo'^ {uxu* I u G U{B)}. If X E Ji^M) then B' fl consists of exactly one element, denoted 
^B'nAf{x), and which belongs to J'{J\f). Moreover, the application x i— > Ss'nAfix) is a condi- 
tional expectation of J{H) onto B' fl J{H). Also, if x & Je{f^) for some finite projection 
e & Af of central support 1, then SB'nAfix) G Jei'N')- 

Proof. If a; = / is a projection in Je{M) then Tr{fz) < cTr{ez), for any normal semifinite 
trace Tr on J\f and any projection z G Z{M). By averaging with unitaries and taking weak 
limits, this implies that for some appropriate constant c' > we have Tr{yz) < cTr{ez),^y G 
Kf, so that Tr{pz) < c'Tr{ez), for any spectral projection p = ejs^oo)^/), s > 0. Thus, 
Kf C j7e(A/'). Since any x G j7e(A/') is a norm limit of linear combinations of projections / 
in Jel-A/"), this shows that the very last part of the statement follows from the first part. 

To prove the first part, consider first the case when M has a normal semifinite faithful 
trace Tr. Assume first that x G J7(A/") actually belongs to A/" n (A/", Tr) (c JiM)). Note 
that in this case all C A/" is a subset of the Hilbert space L^{M, Tr), where it is convex and 
weakly closed. Let then xq G be the unique element of minimal Hilbert norm || ||2,Tr 
in Kx- Since \\uxQU*\\2.Tr = | |iCo|| 2, Tr j Vtt G U{B), it follows that uxqu* = xq,\/u G U{B). 
Thus, Xq G B' r\Afr\L^{Af, Tr). In' particular, xq e B' n J{M). 

If we now denote by p the orthogonal projection of L'^{J\f,Tr) onto the space of fixed 
points of the representation of U{B) on it given by ^ h- > u^u*, then xq coincides with p{x). 
Since p{uxu*) = p{x), this shows that xq — p{x) is in fact the unique element y in with 

uyu* = y,yu e U{B). Thus, if for each x e N" D L'^{M,Tr) we put £B'nAf{x) p{x), then 
we have proved the statement for the subset Af fl T^(A/', Tr). 

Since \\y\\ < Vy G K^, it follows that if {xn}n C Mr\L'^{M, Tr) is a Cauchy sequence 
(in the uniform norm), then so is {£B'r\N'{xn)}n- Thus, Es'r^M extends uniquely by continuity 
to a linear, norm one projection from Ji^M) onto B' fl J{N), which by the above remarks 
takes the norm dense subspace A/'fl L'^{N, Tr) into itself. 

Let us now prove that B'dKj; ^^,'ix E J{M). To this end, let x be an arbitrary element 
in J{M) and e > 0. Let Xi G N'nL'^{J\f, Tr) with \\x — Xi\\ < e. Write SB'nAfi^i) as a weak 
limit of a net {Tu^{xi)}ct, for some finite tuples = {uf, w"^) C U{B). By passing to a 
subnet if necessary, we may assume {Tu^{x)}a. is also weakly convergent, to some element 
x' G K^. Since, \\Tu^{x) — Tu^{xi)\\ < \\x — xi\\ < e, it follows that \\x' — SB'r\M{xi)\\ ^ 
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This shows that the weakly-compact set contains elements which are arbitrarily close to 
B' n jV. By taking a weak limit of such elements it follows that B' fl ^ 0. 

Finally, let x G JiM) and assume is an element in B' fl Kx- To prove that x^ = 
^B'nAf{x), let £ > and xi e (1 L'^{J\f,Tr) with \\x - < s, as before. Write 
weak limit of a net {T„g(x)}^, for some finite tuples vp = (t^f, C U{B). By passing 

to a subnet if necessary, we may assume {T^,^(xl)}/3 is also weakly convergent, to some 
element x\ e K^^. Since, ||Ti,^(a;) — < ||a; — < £, it follows that \\x^ — x^W < e. 

But p{xi) = p{xi) = Ss'nAfixi), and p{xi) is obtained as a weak limit of averaging by 
unitaries in B, which commute with x^. Thus, 

lk° - SB'nAfix)\\ < \\x^ - £B'nAf{xi)\\ + \\£B'nAfixi) - £B'nAf{x)\\ <e + \\xi - x\\ < 2s. 

Since e > was arbitrary, this shows that x^ = Ss'r\Af{x)- 

This finishes the proof of the case when A/" has a faithful trace Tr. The general case 
follows now readily, by noticing that if {zi}i is an increasing net of projections in Z{M) 
such that Kg^x^{Bzi)' consists of exactly one element, which belongs to J{N)zi = J{Mzi)., 
Vx e J{J^)i then the same holds true for the projection lim Zi. Q.E.D. 

i — >C!0 

1.3.3. The compact ideal space of {N,B). In particular, if S C is an inclusion of finite 
von Neumann algebras as in 1.3.1, then we denote by J{{N, B)) the compact ideal space of 
{N,B). Noticing that cb has central support 1 in {N,B), we denote J'o{{N,B)) the norm 
closed two sided ideal J'eg{{N, B)) generated by eg in {N,B). Note that if S = C then 
J{{N,B)) = Jq{{N,B)) is the usual ideal of compact operators 1C{L'^{N)). 

It will be useful to have the following alternative characterisations of the compact ideal 
spaces J{{N, B)),M{N,B)). 

Proposition. Let N he a finite von Neumann algebra with countahly decomposable center 
and B <Z N a von Neumann subalgebra. Let T e {N,B). The following conditions are 
equivalent: 

r. teJ{{n,b)). 

2° . For any e > there exists a finite projection p G (A^, B) such that \\T{1 — p)\\ < s. 
3°. For any £ > there exists z G V{Z{JnBJn)) such that t(1 — z) < e and Tz G 
M{N,B)). 

4°. For any given sequence {r]n}n G L'^{N) with the properties EB{ri*r]n) < l,Vn > 1, 
and lim ||£'B(r7j^r7rn)||2 = 0,Vm, we have lim ||T?7„||2 = 0. 

5°. For any given sequence {xn}n G N with the properties EB{x^Xn) < l,Vn > 1, and 
lim ||i?B(a;*a;TO)||2 = 0, Vm, we have lim ||Ta;^||2 = 0. 

n — >oo n — >oo 

Moreover, T G J'o{{N, B)) if and only if condition 2° above holds true with projections p 
inJo{{N,B)). 

Proof. The equivalence of 1° and 2° (resp. the equivalence in the last part of the statement) 
is trivial by the following fact, noted in 1.3.2: T G J{{N,B)) (resp. T G Jo{{N,B))) iff 
e[.,oo)(|T|)G:r((iV,S)) (resp. G Jo((iV, S))), Vs > 0. 
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3° 2° is trivial by the general remarks in 1.3.2. To prove 2° =^ 3°, for each 

n > 1 let Tn be a linear combination of finite projections in {N, B) such that ||T — T^H < 
2~". Noting that for any finite projection e G {N,B) and S > there exists a projection 
z e Z{{N,B)) = JnZ{B)Jn such that t(1 - z) < 6 and ez G Jo{{N,B)), it follows that 
for each n there exists a projection G JnZ{B)Jn such that t(1 — 2;^) < 2~"£ and 
^n-Zn e Joi{N, B)). Let ;z = Azn. Then we have t(1 - z) < Sn2-'^£ < e, T^^ G Jo((A^, S)) 
and ||(T - T„)^|| < ||T - T„|| < 2"^, Vn. Thus, G Jo{{N,B)) as weU. 

3° 4° is just a particular case of (2.5 in [PoRa]). To prove 4° =^ 1°, assume by 

contradiction that there exists s > such that the spectral projection e = es(|T|) is properly 
infinite. It follows that there exist mutually orthogonal, mutually equivalent projections 
pi,P2, ■■■ G (A^, B) such that < e with pn majorised by eBj'^n. Thus, for each n > 1 

there exists r]n G L^(Ar) such that pn = rjneBVn- then follows that EB{r]nVm) = 
for n ^ m, with £'5(77* mutually equivalent projections in B. In particular, Hr/nlli = 
'^{VnVn) = c > is constant, Vn. Thus, 

s"^||T?7^||2 > ||e(?7n)||2 > WPnMh = WVnh = c^/^,Vn, 

a contradiction. 

4° =^ 5° is trivial. To prove 5° =^ 4° assume 5° holds true and let r]n he a sequence 
satisfying the hypothesis in 4°. For each n let qn he a spectral projection corresponding to 
some interval [0, tn] of rjnTJn (the latter regarded as a positive, unbounded, summable opera- 
tor in L^{N)) such that Wrjn—qnVnlU < 2"". Thus, Xn = qnVn lies in N. One can easily check 
Esix^Xn) < EB{rinVn) < 1 and lim ||£'B«a;m)||2 = 1™ Tr{{qnrineBrin(ln){qmr]meBr]mQm)) 
= 0. Thus lim ||Ta;n||2 = 0. But \\Tr]nh < ll^^a^nlb + ||r/„ - a;„||2 < ||Ta;n||2 + 2-"||T||, 

n— »oo 

showing that hm ||Tr7^||2 = as well. Q.E.D. 

n — >oo 

1.4. Discrete embeddings and bimodule decomposition. If S C is an inclusion 
of finite von Neumann algebras with a faithful normal tracial state r as before, then we 
often consider N as an (algebraic) (bi)module over B and L'^{N,t) as a Hilbert (bi)module 

over B. In fact any vector subspace H of N which is invariant under left (resp. right) 
multiplication by S is a left (resp. right) module over B. Similarly, any Hilbert subspaces 
of L'^{N, r) which is invariant under multiplication to the left (resp. right) by elements in B 
is a left (resp. right) Hilbert module. Also, the closure in L'^{N,t) of a 5- module H C N 
is a Hilbert S-module. 

1.4- 1- Orthonormal basis. An orthonormal basis for a right (respectively left) Hilbert B- 
module H C L'^{N,t) is a subset {r]i}i C L'^{N) such that H = T,kr]kB (respectively 

H = T^kBrjk) and EBivtVi') = hvPi e V{B),yi,i', (respectively EBiVj'Vj) = ^j'jQj ^ 
V{B),^j,j'). Note that if this is the case, then we have: ^ = T,ir]iEB{r]i^),y$, G H (resp. 

C = E^EBiCvjHMen). 

A set {r]j}j C L'^{N,t) is an orthonormal basis for TYb if and only if the orthogonal 
projection / of L'^{N,t) on H satisfies / = 'ZjijjeBVj with ijjeBVj projection Vj. A simple 



18 



SORIN POPA 



maximality argument shows that any left (resp. right) Hilbert fi-module Ti. C L'^{N, r) has 
an orthonormal basis (see [Po2] for aU this). The Hilbert module Hb (resp. bH) is finitely 
generated if it has a finite orthonormal basis. 

1.4-2. Quasi-regular subalgebras. Recall from ([D]) that if S C A?" is an inclusion of finite 
von Neumann algebras then the normalizer of B in N is the set jV(-B) = J^{B) = {u E 
U{N) I uBu* = B}. The von Neumann algebra B is called regular in N if AA(S)" = N. 

In the same spirit, the quasi-normalizer of B in N is defined to be the set qM{B) =^ 
{x E N \ 3 xi,X2,--- ,Xn E N such that xB C Yll^i-^^i Bx C X^ILi -^i-^} (^^■ 
[Po5], [PoSh]). The condition "xS C Y^Bxi, Bx C Y.XiB" is equivalent to ''BxB C 
(Sr=i -^^*) (2^r=i^*-^) " ^^^^ "spSxS is finitely generated both as left and as 
a right S-module." It then follows readily that sp(gA/iv(-B)) is a *-algebra. Thus, P =^ 
sp(q'jViv(-B)) = qMN{B)" is a von Neumann subalgebra of N containing B. In case the von 
Neumann algebra P = qNB{N)" is equal to all A?", then we say that B is quasi-regular in N 
([Po5]). 

The most interesting case of inclusions B G N for which one considers the normalizer 
M{B) and the quasi-normalizer qJ\fN{B) oi B in N is when the subalgebra B satisfies 
the condition B' D N C B, or equivalently B' f] N = Z{B), notably when B and N are 
factors (i.e., when B' n N = C) and when S is a maximal abelian *-subalgebra (i.e., when 

B'nN = B). 

The next lemma lists some useful properties of q^/{B). In particular, it shows that if a 
Hilbert S-bimodule 7i C L'^{N, r) is finitely generated both as a left and as a right Hilbert 
B module, then it is "close" to a bounded finitely generated S-bimodule H C P. 

Lemma, (i). Let N be a finite von Neumann algebra with a normal finite faithful trace 
T and B d N a von Neumann subalgebra. Let p G B' (1 {N, B) be a finite projection such 
that JnpJn is also a finite projection. Let Ti. C L'^{N,t) be the Hibert space on which 
p projects (which is thus a Hilbert B-bimodule) . Then there exists an increasing sequence 
of central projections Zn G Z{B) such that Zn ] 1 and such that the Hilbert B-bimodules 
ZnTi-Zn C L'^{N) are finitely generated both as left and as right Hilbert B -modules. 

{ii). If B d N are as in {i) and TiP C L^{N) is a Hilbert B-bimodule such that H^, 
b7Y° are finitely generated Hilbert modules, with {^i | 1 < ^ < n}, {Q | 1 < j < to} their 
corresponding ortonormal basis, then for any £ > there exists a projection q & B' (1 N 
such that t(1 — q) < s and Xi = q^iq G N^yj = qQq G N,\/i,j, with the orthogonal 
projection po of L'^{N) onto the closure of qH^q in L'^(N) acting on N = N C L'^{N) by 
Po{x) = 'EiXiEB{x*x) = 'EjEB{xy*)yj,\/x G A^. In particular, TiiXiB = T^jByj — qTi^qflN 
is dense in qH^q and is finitely generated both as left and right B-module. 

(Hi). If p is a projection as in (i) then p < ep. Also, B is quasiregular in N if and only 
if B is discrete in N, i.e., B' fl (A?", B) is generated by projections which are finite in {N, B) 
([ILP]). 

Proof, (i) and (ii) are trivial consequences of 1.4.1 and of the definitions. 
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The first part of (Hi) is trivial by (i), (u). Thus, ep is the supremum of aU projections 
p e B' r\ {N,B) such that both p and JnpJn are finite in {N,B). Thus, if q E {N,B) 
is a non-zero finite projection orthogonal to ep then any projection q' E B' f] (N, B) with 
q' < JNqJN must be infinite (or else the maximality of ep would be contradicted). But if 
q satsifies this property then B' fl (A^, B) cannot be generated by finite projections. Q.E.D. 

1.4-3. Cartan subalgebras. Recall from ([D]) that a maximal abelian *-subalgebra A of a 
finite von Neumann factor M is called semiregular if A/'(A) generates a factor, equivalently, 
if A/'(A)' n M = C. Also, while maximal abelian *-subalgebras A with A/'(A)" = M were 
called regular in ([D]), as mentioned before, they were later called Cartan subalgebras in 
([FM]), a terminology that seems to prevail and which we therefore adopt. 

By results of Feldman and Moore ([FM]), in case a type IIi factor M is separable in 
the norm || ||2 given by the trace, to each Cartan subalgebra A C M corresponds a count- 
able, measure preserving, ergodic equivalence relation TZ = TZ{A C M) on the standard 
probability space {X,iJ,), where L°°{X,iJ,) ~ {A,t\a)i given by orbit equivalence under the 
action of Af{A). In fact, Af{A) also gives rise to an A-valued 2-cocycle v = v{A C M), 
refiecting the associativity mod A of the product of elements in the normalizing groupoid 

gj\f {pu\ue Ar(A),p G V{A)}. 

Conversely, given any pair (TZ,v), consisting of a countable, measure preserving, ergodic 
equivalence relation TZ on the standard probability space (X, /x) and a L°° (X, //)-valued 
2-cocycle v for the corresponding groupoid action (N.B.: v = 1 is always a 2-cocycle, 
V7?.), there exists a type IIi factor with a Cartan subalgebra {A C M) associated with 
it, via a group-measure space construction "a la" Murray-von Neumann. The association 
{A C M) — > {TZ, f ) — > (A C M) is one to one, modulo isomorphisms of inclusions {A C M) 
and respectively measure preserving orbit equivalence of TZ with equivalence of the 2-cocycles 
V (see [FM] for aU this). 

Examples of countable, measure preserving, ergodic equivalence relation TZ are obtained 
by taking free ergodic measure preserving actions a of countable groups Fq on the standard 
probability space (X, //), and letting xTZy whenever there exists g eTq such that y — o'g{x). 

If t > then the amplification of a Cartan subalgebra ^ C M by t is the Cartan subalgebra 
A* C M* obtained by first choosing some n>t and then compressing the Cartan subalgebra 
A ® D C M ® M^xn(C) by a projection p E A ^ D of (normalized) trace equal to t/n. 
(N.B. This Cartan subalgebra is defined up to isomorphism.) Also, the amplification of a 
measurable equivalence relation 7^ by t is the equivalence relation obtained by reducing the 
equivalence relation TZ x P„ to a subset of measure t/n, where T>n is the ergodic equivalence 
relation on the n points set. Note that ii A C M induces the equivalence relation TZ then 
A* C induces the equivalence realtion TZ^. Also, vacm = 1 implies va^cm^ = 1, Vt > 0. 

By using Lemma 1.4.2, we can reformulate a result from ([PoSh]), based on prior results 
in ([FM]), in a form that will be more suitable for us: 

Proposition. Let M be a separable type IIi factor. 

{i). A maximal abelian * -subalgebra A G M is a Cartan subalgebra if and only if A d M 
is discrete, i.e., iff A' n (M, A) is generated by projections that are finite in (M, A). 



20 



SORIN POPA 



(n). Let Ai,A2 G M be two Cartan suhalgehras of M. Then Ai,A2 are conjugate 
by a unitary element of M if and only if A[ fl (M, A2) is generated by finite projections of 
(M, ^2) and A2r\{M, Ai) is generated by finite projections of {M, Ai) . Equivalently, Ai,A2 
are unitary conjugate if and only if AiL'^{M, t)a2 a direct sum Ai — A2 Hilbert bimodules 
that are finite dimensional both as left Ai-Hilbert modules and as right A2-Hilbert modules. 

Proof, (i). By Lemma 1.4.2, the discreteness condition on A is equivalent to the quasi- 
regularity of A in A^. By ([PoSh]), the latter is equivalent to A being Cartan. 

(ii). If A'^ n {JnAjJ^)' is generated by finite projections of the semifinite von Neumann 
algebra {JmAjJi^)' , for i,j = 1, 2, and we denote M = M2{N) the algebra of 2 by 2 matrices 
over N and A = Ai (B A2 then A' fl (JmAJm)' is also generated by finite projections of 
JmAJm- By part (i), this implies A is Cartan in M. By ([Dy]) this implies there exists 
a partial isometry v E M such that vv* = eii,v*v = 622, where {cij}i,j^i^2i is a system 
of matrix units for M2(C). Thus, if w G is the unitary element with uei2 — v then 
uAiu* = A2. Q.E.D. 



2. Relative Property H: Definition and Examples. 

In this Section we consider a "co-type" relative version of Haagerup's compact approxi- 
mation property for inclusions of von Neumann algebras. This property can be viewed as a 
"weak co-amenability" property, as we will comment on in the next Section (see 3.5, 3.6). 
It is a property that excludes "co-rigidity", as later explained (see 5.6, 5.7). We first recall 
the definition for groups and for single von Neumann algebras, for completeness. 

2.0.1. Property H for groups. In ([HI]) Haagerup proved that the free groups Fq = F^, 2 < 
n < 00, satisfy the following condition: There exist positive definite functions (pn on Fq such 
that 

(2.0.1'). lim (pnig) = 0,Vn, (equivalently, (fin G co(Fo)). 

g-»oo 

(2.0.1"). iim^,(^) = i,v^ero. 

n— »oo 

Many more groups Fq were shown to satisfy conditions (2.0.1) in ([dCaH], [CowH], 
[CCJJV]). This property is often refered to as Haagerup's approximation property, or prop- 
erty H (see e.g., [Cho], [CJ], [CCJJV]). By a result of Gromov, a group has property H if 
and only if it satisfies a certain embeddability condition into a Hilbert space, a property 
he called a,-T -menability ([Gr]). There has been a lot of interest in studying these groups 
lately. We refer the reader to the recent book ([CCJJV]) for a comprehensive account on 
this subject. Note that property H is a hereditary property, so if a group Fq has it, then 
any subgroup Fi C Fq has it as well. 

2.0.2. Property H for algebras. A similar property H, has been considered for finite von Neu- 
mann algebras ([C3], [Cho], [CJ]): It requires the existence of a net of normal completely 
positive maps on N satisfying the conditions: 
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(2.0.2'). T o < T and (j)a{{x G | ||x||2 < 1}) is || ||2-precompact, Va; 
(2.0.2"). lim \\(t>a{x) - x\\2 = 0, Va; e iV; 

a— >oo 

with respect to some fixed normal faithful trace r on N. The net can of course be taken to 
be a sequence in case N is separable in the || ||2-topology. 

It was shown in ([Cho]) that if N is the group von Neumann algebra -£'(ro) associated 
to some group Fq, then L{Vq) has the property H (as a von Neumann algebra) if and only 
if Fq has the property H (as a group). It was further shown in ([Jol]) that the set of 
properties (2.0.2) does not depend on the normal faithful trace r on A^, i.e., if there exists a 
net of completely positive maps (jia, on satisfying conditions (2.0.2'), (2.0.2") with respect 
to some faithful normal trace r, then given any other faithful normal trace r' on N there 
exists a net of completely positive maps (p'^ on N satisfying the conditions with respect to 
r'. It was also proved in ([Jol]) that if N has property H then given any faithful normal 
trace r on A'" the completely positive maps (f)a. on A'" satisfying (2.0.2) with respect to r can 
be taken r-preserving and unital. 

We now extend the definition of the property H from the above single algebra case to the 
relative ("co-type") case of inclusions of von Neumann algebras, by using a similar strategy 
to the way the notions of amenabilty and property (T) were extended from single algebras 
to inclusions of algebras in ([Pol, 10]; see Remarks 3.5, 3.6, 5.6 hereafter). 

2.1. Definition. Let A?" be a finite von Neumann algebra with countable decomposable center 
and B G N a von Neumann subalgebra. A'^ has the property H relative to B if there exists a 
normal faithful tracial state r on A^ and a net of normal completely positive S-bimodular 
maps (f)a on N satisfying the conditions: 

(2.1.0.) to0c.<t; 

(2.1.1) . T^^eJ{{N,B)),ya; 

(2.1.2) . lim ||(/)a(a;) -a;||2 = 0,Va; e AT, 

a—foo 

where T^^ are the operators in the semifinite von Neumann algebra {N,B) C B{L'^{N,t)) 
defined out of and r, as in 2.1. 

Following ([Gr]), one can also use the terminology: N is a-T- menable relative to B. 

Note that the finite von Neumann algebra N has the property H as a single von Neumann 
algebra if and only if A^ has the property H relative to 5 = C. 

Note that a similar notion of "relative Haagerup property" was considered by Boca in 
([Bo]), to study the behaviour of the Haagerup property under amalgamated free products. 
The definition in ([Bo]) involved a fixed trace and it required the completely positive maps 
to be unital and trace preserving. The next proposition addresses some of the diflFerences 
between his definition and 2.1: 

2.2. Proposition. Let N he a finite von Neumann algebra with countably decomposable 
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center and B C N a von Neumann subalgebra. 

1°. If N has the property H relative to B and {</>a}a satisfy (2.1.0) — (2.1.2) with respect 

to the trace r on N , then there exists a net of completely positive maps {4>'a}a on N , which 
still satisfy (2.1.0) — (2.1.2) with respect to the trace t, but also Tfj,/ e Jo{{N,B)) and 

2°. Assume B' n N (Z B. Then the following conditions are equivalent: 

(i) . N has the property H relative to B. 

(ii) . Given any faithful normal tracial state tq on N , there exists a net of unital, tq- 
preserving, B-bimodular completely positive maps 4>a on N such thatTff,^ G J'o{{N, B)),ya, 
and such that condition (2.1.2) is satisfied for the norm \\ {{2 given by tq. 

(Hi). There exists a normal faithful tracial state r and a net of normal, B-bimodular 
completely positive maps (f)a on N such that (pa can be extended to bounded operators Tfj,^ 
on L'^{Njt), such that T^^ e J'{{N,B)) and (2.1.2) is satisfied for the trace r. 

Moreover, in case N is countably generated as a B-module, i.e., there exists a countable 
set S G N such thatspSB — N, the closure being taken in the norm \\ \\2, then the net (f)^ 
in either 1° , 2° or 3° can be taken to be a sequence. 

Proof. 1°. By part 3° of Proposition 1.3.3, we can replace if necessary (pa (pai^a ■ Za), for 
some Za e 'P{Z{B)) with Za T 1; so that the corresponding operators on LF'{N, t) belong to 
M{N,B))ya. 

By using continuous functional calculus for (j)a{^)i let 6a = (1 V 0q;(1))~^/^ G B' (1 N. 
Then ba < 1, \\ba — III2 ^ and 

(p'aix) = ba((>a{x)ba,X G N, 

still defines a normal completely positive map on N with ||0a(a;) — x\\2 0,\/x e N. 
Moreover, if a; > then 

Ticf>'aix))=T{M^)bl)<T{Mx)). 

Also, since T^>^ = L{ba)R{ba)T^„ and L{ba) e N G {N,B), R{ba) e J{B'nN)J C {N, B) 
and T^^ e Ji{N, B)), it follows that T<^/^ e J{{N, B)). 
2°. We clearly have (ii) =^ (i) (Hi). 

Assume now (Hi) holds true for the trace r and let tq be an arbitrary normal, faithful 
tracial state on A^. Thus, tq = T(-ao), for some oq G Z{N)+ with r(ao) = 1. Since 
B' nN ^ Z{B), by part 3° of Lemma 1.2.1 we have = (pai^) e Z{B). Also, (2.1.2) 
implies 

(2.2.2') lim ||aa - III2 = 0, 

a— >oo 

where || II2 denotes the norm given by r. 

Let Pa be the spectral projection of Oq. corresponding to [1/2, cxd). Since aa G ^{B), 

Pa G 2{B). Also, condition (2.2.2') implies lim \\pa — 1||2 = hm ||a~Va "Palb = 0. 

a— >oo a— >cxD 
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Furthermore, by condition 3° of Proposition 1.3.3, there exists e with p'^ < p^, 

such that 

(2.2.2") hm \\p'^ - 1||2 = 0, lim \\a-^p^ - p'j2 = 0. 

a—^oo a— >oo 

Define 4>'^ on N by 

cf>'^ix) = a-VV^</,,(x)p>-V2 + (l-p'jEBix)il-p'J,xe N. 

Then we clearly have </>q(1) = 1, are S-bimodular and T^/^ G Jq{{N, B)). Since B' ClN C 
-B, by part 2° in Lemma 1.2.1, this also implies t o (j)'^ — t^tqo (j)'^ — ^o- Moreover, since 
(^a^Pa < 2, it follows that for each x e N we have: 

Waix)-Xh < ha^^^P'a(l^a{x)a~^/^p'^ - p'^Xp'J\2 

+ - p'^)xp'j2 + \Kxil - p'^)h + 11(1 -Pa)(^ - EB{x)){l-p'Jh 

< 2\\<l>a{x) - xh + 2\\a-'/^p'^xa-'/^p'^ - p'^xp'j2 + 3||1 - p'j2\\x\\, 

with the latter tending to for all x e hy (2.2.2"). Since this convergence holds true 
for one faithful normal trace, it holds true in the s-topology, thus for the normal trace tq as 
well. 

The last part of 2° is trivial. Q.E.D. 

We now prove some basic properties of the relative property H, showing that it is well 
behaved to simple operations such as tensor products, amplifications, finite index exten- 
sions / restrictions. 

2.3. Proposition. 1°. If N has the property H relative to B and Bq C A^o ^-5 embedded 
into B C N with commuting squares, i.e., Nq C Bq C B , Bq = Nq H B and Epf^ o Eb = 
Eb o E]s[„ = Ebq, then Nq has the property H relative to Bq. 

2°. If Bi C A^i and B2 C N2 then A^i®A^2 has the property H relative to Bi®B2 if and 
only if Ni has the property H relative to Bi,i = 1,2. 

3°. Let B (Z Nq (Z N . If N has the property H relative to B, then Nq has the property H 
relative to B. Conversely, if we assume Nq C N has a finite orthonormal basis with 
Uj unitary elements such that UjBu* ~ B,\/j, and Nq has the property H relative to B, with 
respect to t^n^ for some normal faithful trace r on N , then N has the property H relative to 
B, with respect to r. 

4°. Assume B G Bq G N and B G Bq has a finite orthonormal basis. If N has the 
property H relative to Bq then N has property H relative to B. If in addition Bq Ci N G Bq 
then, conversely, if N has the property H relative to B, then N has property H relative to 

Bq. 

Proof. 1°. li (f)oi '■ N ^ N are S-bimodular completely positive maps approximating the 
identity on N, then by the commuting squares relation E^^ o Eb = Eb o -E'atq = Eb^, 
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it follows that (j)'^ = E'jVo ° (palNo approximate the identity on Nq and are 5o-bimodular. 
Moreover, by commuting squares, if T<^^ satisfy condition 5° in 1.3.3 then so do T<^/^. 

2°. The implication from left to right follows by applying 1° to [B C N) = [Bi®B2 C 
Ni®N2) and (Sq C A^o) = (5^ O C C A^i O C), z = 1, 2. The implication from right to left 
follows from the fact that T^i^ e J{{Ni, S^)), i = 1, 2, implies T^i ®<^2 e J{{Ni®N2, B{®B2) 
(by using that the tensor product of finite projections is a finite projection). 

3°. For the first implication, let 0^ be completely positive maps on N that satisfy 
(2.1.0) - (2.1.2) for S C and for the trace r on N. Define (^^^{x) = EN,,{(pa{x)), x E Nq. 
Then (f)^ are completely positive, S-bimodular maps which still satisfy to0° < r. Moreover, 
since T<^^ satisfy condition 5° in Proposition 1.3.3, then clearly 0° do as well. 

For the converse, assuming (j)*^ are completely positive maps on A^o that satisfy (2.1.0) — 
(2.1.2) for B cNo, define 4>a on (Ar,ejVo) by 

where E Nq. It is then immediate to check that (f)^ are completely positive, S-bimodular 
and check (2. 1.0)- (2. 1.2) with respect to the canonical trace f on (A?", ejvo) implemented by 
the trace r on AT (which is clearly Markov by hypothesis). Thus, (AT, ejVo) has property H 
relative to 5, so by the first part N has property H relative to B as well (with respect to 

f|Ar = T. 

4°. For the first implication, note that the condition that Bq has a finite orthonormal 
basis over B implies J'o{{N, Bq)) C J'o{{N, B)). Indeed, this follows by first approximat- 
ing T e ^o{{N, Bq)) by linear combination of projections in Jo{{N, Bq)) then noticing 
that if dim(BQ7i) < oo (respectively, dim(7iBo) < oo), then dim(B7i) < oo (respectively, 
dim(7iB) < oo). 

For the opposite implication, let be a finite orthonormal basis of Bq over B and 

recaU from ([Po2]) that b = Ejm'jm'j* e Z{Bq) and 6 > 1. Also, since for any T e B'r\{N, B) 
we have 

T.ijL{m'^)R{m'*) oTo L{m'*)R{m'i) e B'qD {N, Bq) 
(cf. [Po2]), it follows that if we put rrij = h~^/'^m'^ then we have 

T° = T.ijL{mj)R{m*) oTo L{m*)R{mi) E B'qD (AT, Bq). 

This shows that if we put cf)'^ = 'Li^jmj4>aij^*j''^i)'^i-, then — T<^o e BQn{N, Bq). Also, if 
in the above we take T to be a projection with the property that H = e{L?{N, r)) is a finitely 
generated left-right Hilbert S-module, then the support projection of the corresponding 
operator T° is contained in HP = T,ijmiHm*. To prove that T° is contained in J'q{{N, Bq)) 
it is sufficient to show that Ti^ is a finitely generated left-right Hilbert i?o-bimodule. 

To do this, write first 7i as the closure of a finite sum H^VkB. Then TiP follows the 
closure of 

T,ijmi{T,kr)kB)m* = Ei^kiniiVki^jBrn*) = Ei^kmiVkBQ. 
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This shows that dimso'^^ < oo. Similarly, dim.H%^ < oo. 

Taking linear combinations and norm limits, we get that T e Jo{{N,B)) implies T° e 
M{N,Bo)). 

Finally, since TijUijUi* = 1, by Corollary 1.1.2 the convergence to id^ of implies 
convergence to id^ of 0^. By condition {iii) in 2.3.2°, this implies N has the property H 
relative to B^. Q.E.D. 

2.4. Proposition. 1°. // has the property H relative to B and p e 'PiB) or p & 
V{B' n A^), then pNp has the property H relative to pBp. 

2°. If {pn}n C V{B) or {pn}n C V{B' fl N) are such that p„ t 1 and p^Np^ has the 
property H relative to p^Bp^, Vn, then N has the property H relative to B. 

3°. Assume there exist partial isometries {fn}n>o C such that v*Vn G pBp, v^v^ G -B, 
fn-B< = VnV^BvnV^,yn > 0, En^^n^^n = 1 "'^^ ^ ({fn}n U pBp)" . If pNp has property H 
relative to pBp then N has property H relative to B. 

4°. If B G Nq G Ni G then N = UfcA^fc has the property H relative to B (with respect 
to a trace r on N) iff has the property H relative to B (with respect to t\Nu)} 

Proof. 1°. In both cases, if </> is S-bimodular completely positive on N then p(f){p • p)p is a 
pSp-bimodular completely positive map on pNp. Also, rocp < r implies Tpo[p(p[p-p)p) < Tp, 
where Tp{x) = t{x)/t{p), x G pNp. Finally, if T<^ satisfies condition 5° in 1.3.3 as an element 
in {N, B) then clearly Tp(j,(^p.p^p satisfies the condition as an element in {pNp, pBp) . 

The case {pn}n C V{B' n N) of 2° follows by noticing that if p G V{B' n N) and 
4>p is B/j-bimodular completely positive map on pNp., with Tp o (f)p < Tp, t(1 — p) < S, 
\\(f>p{x) — x\\2 < 5, \/x G pFp, for some finite set F C N, and T^p^ G Jo{{pNp, Bp)), then 

4>iy) '= 4'p{pyp) + Bb{{1 — p)y{i — p)), G iV is S-bimodular and satisfies r o < r, 
||(^(a;) -a;||2 < e{5),yx G F and G Jo{{N,B)), where lim£(5) = 0. 

(5^0 

To prove 3°, let (p^, be pSp-bimodular, completely positive maps onpNp with TpO(f)P^ < Tp, 
T^p G Jo{{pNp,pBp)) and ^ idpNp- Define 0a on N by 

0a(a;) = SijVi0^(v*a;Vj)^;*,a; G N. 

It is immediate to check that r o c/)^ < t and that (t)a —>■ idN- Also, if 6 G pBp or 
6 = ViVj then b(f)(y{x) = (p^ibx), (l)c({x)b — (paixb), \/x G N. Thus, if we denote by Bi the von 
Neumann algebra generated by pBp and {vn}n then 0q; is Si-bimodular. 

Also, the same argument as in the last part of the proof of 2.3.4° shows that T^p G 
Jo{{pNp,pBp)) implies T^„{p^.p,,) G Jo{{pnNpn,PnBiPn)), where = ^o<k<nVlvk. Thus, 
PnNpn has property H relative to pnBiPn- Since pnBpn C PnBiPn and PnBiPn has finite 
orthonormal basis over p^Bp^, by 2.4.1° above and the first implication in 2.3.4° it follows 
that PnNpn has property H relative to PnBpn,^n. 

For each n let {z]^}k be a partition of the identity with projections in Z{B) such that z]^ 
has a finite partition into projections in B that are majorized by Pn^k- Thus, there exist 
finitely many partial isometries Vq — pnZ'^,Vi, V2, ••• in B such that vf*Vj^ > vf_j^i*v'^_^_i,\/i > 
and such that Eju"v"* = z'^. By the first part of the proof, z'^Nz^ has property H relative 
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to Bz'^. By the case of 2° that we have already proved, it follows that N has the property 
H relative to B. 

The case {pn}n C -B in 2° now follows by using 3°, to reduce the problem to the case Pn 
are central in B (as in the proof of the last part of 3°). 

4°. The implication =>■ follows by condition 2.3.3°. The reverse implication follows 
immediately once we note that if (/> is a completely positive map on A^^ such that ro^ < r and 
T(j} e J{{Nk, B)), then the completely positive map = o En^. on N satisfies r o < r 
and T^k e J{{N,B)) (for instance, by 5° in 1.3.3). Q.E.D. 

2.5. Corollary. Let A d M he a Cartan suhalgehra of the type IIi factor M . Ift>0 then 
has the property H relative to if and only if M has the property H relative to A (see 

1.4 for the definition of the amplification by t of a Cartan suhalgehra) . 

Proof. Since the amplification by 1/t of A* C is A C M, it is sufficient to prove one of 
the implications. Assume M has the property H relative to A and let n > t. By 2.3.2° it 
follows that M Mnxn(C) has property H relative to A^ Dm where Dn is the diagonal 
algebra in Mnxni'C-). If p G A ® -Dn is a projection with t{p) = t/n then, by 2.4.1°, 
= p{M (g) Mnxn{C))p has the property H relative to A* = {A® Dn)p. Q.E.D. 

2.6. Remark. We do not know whether the "smoothness" condition (2.1.0) on the B- 
bimodular, completely positive, compact maps (pn approximating the identity on in Def- 
inition 2.1 can be removed. This is not known even in the case B — CIn. In this respect, 
we mention that in fact, for all later applications, the following weaker "property H"-type 
condition will be sufficient: 

(2.6.1). There exists a net of completely positive S-bimodular maps (pa on which satisfy 
condition (2.2.2) and so that for all {un}n C U{N) with lim \\EB{UnUm)\\2 — 0,Vm, we 

n—>-oo 

have lim i|(/)a(wn) Ih = 0. 

n— >oo 

We do not know whether (2.6.1) implies conditions (2.1.0) — (2.1.2), not even in the case 
is a factor and S = CIat. 

We mention however that for type IIi factors A^ without the property F of Murray and 
von Neumann ([MvN]), the smothness condition (2.1.0) is automatically satisfied, in case 
the completely positive map (p is sufficiently close to the identity, thus making condition 
(2.1.0) redundant. Indeed, we have the following observation, essentially due to Connes and 
Jones ([CJ]): 

2.7. Lemma. If N is a non-T type IIi factor then for any e > there exist S > and a 
finite suhset F C U{N) such that the following conditions hold true: 

1°. If (p is a completely positive map satisfying \\(p{u) — ^112 < 5, Vw G F, then there exists 
a normal completely positive map (p" on N such that (p"{l) < l^r o (p" < r, ||r o ^'^ — r || < e 
and \\(p"{x) — x\\2 < \\(p{x) — x\\2 + e,\/x G A", ||a;|| < 1. Moreover, if (p is B-himodular for 
some B <Z N , then cp" can he taken B-himodular. 
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2°. If{n,C) isa{B G N) Hilbert bimodule with \\uC-Cu\\ < S,\fu e F then < 
e ,\\{^;0-r\\<e. 

Proof. 1°. Since N is non-F, by ([C2]) there exist unitary elements ui,U2, ■■■,Un in N such 
that if a state (f e N* satisfies \\(fi — (p{u ■ u*)\\ < 5 then \\(p — t\\ < s'^/9. 

Let F = {l}U{ui}i. Assume (pis a completely positive map on N such that — tt||2 < 
5'^/200, Vw G F. Let a = 1 V ^(1) and first define cp' on N as in part 2° of Lemma 1.1.2, i.e., 
(j)'{x) = a-^/^(f){x)a-^/^,x e N. By 1.1.2, < 1 and 

W{x) - xh < Uix) - xh + 2||</)(1) - l\\l^^\\x\\. 

Thus, by Corollary 1.1.2 we have for all a; e with ||a;|| < 1 the estimates: 

\\(f)'{uxu*) - u(l)'{x)u*\\2 < 2(2110' (w) - u\\l + 2\\(f)'{u) - u\\2)^/^ < S. 

Thus, if (f = T o (f)' then \\(fi — (p{ui ■ u*)\\ < S,\/i, implying that \\(fi — t\\ < 

Thus, if we now take 0i to be the normal part of 0' then we still have (/>i(l) < 1, 
||t o 01 — t|| < £^/9 and 

1101 (a;) - xh < U{x) - x\\2 + 2||0(1) - 1||^/' < Uix) - x\\2 + 6^6, 

for all X E N, \\x\\ < 1. Finally, let bi e L^iN, r) be the Radon-Nykodim derivative of to 0i 
with respect to r and define 6 = 1 V 6i, 0" = 0i(6~^/^ • b^^^'^), as in Lemma 1.1.2. Thus, 
by part 3° of that Lemma, all the required conditions are satisfied. 

2°. This part is now trivial, by part 1° above and 1.1.3. Q.E.D. 

3. More on property H. 

In this Section we provide examples of inclusions of finite von Neumann algebras with 
the property H. We also prove that if a type IIi factor N has the property H relative to a 
maximal abelian *-subalgebra B then B is necessarily a Cartan subalgcbra of A^. Finally, 
we relate relative property H with notions of relative amenability considered in ([Pol, 5]). 

The examples we construct arise from cross product constructions, being a consequence 
of the following relation between groups and inclusions of algebras with property H: 

3.1. Proposition. Let Fq be a discrete group and {B,to) a finite von Neumann algebra 
with a normal faithful tracial state. Let a be a cocycle action o/Fq on (B, tq) by To-preserving 
automorphisms. Then A" = S xio-To has the property H relative to B if and only if the group 
Fq has the property H. 

Proof. First assume that Fq has property H and let </3q, : Fq — > C be unital positive definite 
functions such that (f^ ^ Co(Fo) and faig) — > 1,V(7 g Fq. Also, without loss of generality, 
we may assume fa{e) = 1,Vq;. For each a, let 0q, be the associated completely positive 
map on A^ = i? X Fq defined as in Section 1.4, by (pillgbgUg) — 'Eg(p{g)bgUg. Note that 0q, 
are unital, trace preserving and 5-bimodular (cf. 1.4). 
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Also, since T^j,^ = T,(p{g)ugeBU*g, it follows that T<^^ e J{{N^B)) if and only if ipa, G 
co(ro). Finally, since |1 - (fa{g)\ = ||0(%) - Ug\\2, it follows that lim ^pdg) = 1, e Tq, 

a— >oo 

if and only if lim ||0Q,(a;) — x\\2 = 0, Va; e N. 

a— >oo 

In particular, this shows that N has property H relative to B. 

Conversely, assume N has property H relative to B and let : iV — be a net of 
completely positive maps satisfying (2.3.0) — (2.3.2). Let : Fq ^ C be defined out of ^q, 
as in Section 1.4, i.e., by (fia{g) — '!'{<Pa{U'g)u*),\/g G Fq. By 2.4.5° we have 

lim ||(/>a(w3)||2 = 0, Va. 
g—>-oo 

Thus, by using the Cauchy-Schwartz inequality it follows that 

lim (pa{g) = 0,Vq;. 
g—>'Oo 

Similarly, lim\\(f)a{ug) — Ug\\2 = implies lim(pc^{g) = 1, thus showing that Fq has the 

a a 

property H. Q.E.D. 

3.2. Examples of groups with property H. The following groups Fq (and thus, by 
hereditarity, any of their subgroups as well) are known to have the property H, thus giving 
rise to property H inclusions i? C -B x Fq whenever acting (possibly with a cocycle) on a 
finite von Neumann algebra (i?,To), by trace preserving automorphisms, as in 3.1: 

3.2.0. Any amenable group Fq (cf. [BCV]; see also 3.5 below). 

3.2.1. G = ¥n, for some 2 < n < oo, more generally F5, for S an arbitrary set of generators 
(cf. [H]). 

3.2.2. Fq a discrete subgroup of SO{n, 1), for some n>2 (cf. [dCaH]). 

3.2.3. Fq a discrete subgroup of SU{n, 1), for some n > 2 (cf. [CowH]). 

3.2.4. 'SL{2,Q), more generally 5'L(2,K) for any field K C M which is a finite extension 
over Q (by a result of Jolissaint, Julg and Valette, cf. [CCJJV]). 

3.2.5. Fq = Gi *hG2, where Gi, G2 have the property H and H <Z Gi, H <Z G2 is a common 
finite subgroup (cf. [CCJJV]). In particular Fq = SL{2,X). 

3.2.6. F Fq X Fi, with Fq, Fi property H groups. Also, F = Fq x^ Fi, with Fq a property 
H group and Fi an amenable group acting on it (cf. [CCJJV]). 

We refer the reader to the book ([CCJJV]) for a more comprehensive list of groups with the 
property H. As pointed out in ([CCJJV]), the only known examples of groups which do not 
have Haagerup property are the groups Go containing infinite subgroups G G Go such that 
(Go, G) has the relative property (T) in the sense of ([Ma, dHVa]; see also next Section). 
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3.3. Examples of actions. We are interested in constructing examples of cocycle actions 
a of (property H) groups Tq on finite von Neumann algebras (-B,t) (see e.g. [CJ] for the 

def. of cocycle actions) that are ergodic (i.e., (Tg{b) = b,\/g G Fq implies b e CI) and 
properly outer (i.e., ag{b)bo — bob^Wb G -B, implies g = e or bo = 0). Also, we consider the 
condition of weak mixing, which requires that VF C B finite and Ve > 0, 3g eTq such that 
\T{ag{x)y) — T{x)T{y) \ < £, Va;, y E F. Weakly mixing actions are clearly ergodic. 

Recall that the proper outernes of a is equivalent to the condition B' r\B y\aTo = Z{B). 
Also, if (J is a properly outer action, then a acts ergodically on the center of B if and only 
if S Xcr To is a factor. Finally, weak-mixing is equivalent to the fact that L'^{B,t) has no 
cr-invariant finite dimensional subspaces other than CI. 

A yet another property of actions that we consider is the following: the action a of Tq on 
{B,t) is strongly ergodic if B has no non-trivial approximately cr-invariant sequences, i.e., 
if {bn)n e i°°{N,B) satisfies lim \\ag{bn) -bnh = 0,V^ G Tq then lim \\bn -T{bn)l\\2 = 0. 

n — >oo n — >oo 

Note that if we denote A?" = S x^r Tq and take a; to be a free ultrafilter on N, then this 
condition is equivalent to N' n B'^ = C. 

3.3.1. Bernoulli shifts. Given any countable discrete group Tq and any finite von Neumann 

algebra {Bq^tq), Tq acts on {B,t) = {B,t) = (g) (So,To)g by Bernoulli shifts ag, namely 

geVo 

(Tg{®hXh) = x'f^, where x'f^ = Xg-ih. 

If Bq has no atoms or if Tq is an infinite group, then a is known to be properly outer. 
Also, if To is infinite, then a is ergodic, in fact even mixing. A Bernoulli shift action is 
strongly ergodic if and only if Tq is non-amenable (cf. [J2]). 

3.3.2. Actions induced by automorphisms of groups. Let 7 be an action of an infinite group 
To on a group G, by automorphisms. Let also uhe a, (normalized) scalar 2-cocycle on Fq such 
that ^'y{g),'y{h) = ^{g,h)j^9j h G Fq . Thcu 7 implements an action on the "twisted" group 
von Neumann algebra Li,{G), that we denote by a^, by taking a-y{\{g)) — ^{'^{g)),^g G G. 
Note that preserves the canonical trace r of L^{G). Then we have: 

Lemma, (z). The following conditions are equivalent: (a), is ergodic; (b). is weakly 
mixing; (c). 7 has no finite invariant subsets ^ {e}; (d). For any finite subset S G G there 
exists h eTq such that 'Jhi^) H S = ^. 

(n). If Gi (Z G is so that {gi^golhigi) \ Qi e Gi} is infinite, V/i G Fq \ {e}, V^o e G 
then Ly^Gi)' fl Lj,{G) x^- Fq C L^{G). In particular, if this holds true for G\ = G then a is 
properly outer. If u = 1 then the converse holds true as well. 

{Hi). Let Fl C Fo,Gi C G be subgroups of finite index such that Gi is invariant to the 
restriction of 'j to Fi. //7,Fo,G satisfy either of the conditions (c), (d) in {i), or (ii) then 
7|ri,Fi,Gi satisfy that condition as well. 

Proof, (i). (b) =>■ (a) is trivial. 

(a) =^ (c). If jhiS) — S,\/h G Fq for some finite set C G with e ^ S, then 
X = Sg£5A((7) ^ CI satisfies 7/1 (x) = a;, V/i G Fq, implying that a is not ergodic. 
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(c) ^ (d). If 'jhiS) n 5 ^ 0,V/i e To, for some finite set S C G\{e}, then denote 
by / the characteristic function of S regarded as an element of P{G). If we denote by 7 
the action (^representation) of Fq on i^[G) implemented by 7, then we have {"fhif), f) > 
l/\S\,yh G Fq. Thus, the element a of minimal norm || II2 in the weak closure of co{'yh{ f) \ 
h G Fo} C £'^{G) is non zero. But then any "level set" of a > is invariant to 7, showing 
that (c) doesn't hold true. 

(d) =^ (b). Let Eq be a finite set in the unit ball of L^{G), e > and Fq C ro\{e} a 
finite set as well. Let So C G\{e} be such that — t{x)1) — xso\\2 < £/2,Va; G Eq. By 
applying the hypothesis to = U{7g(5'o) | (7 G Fq}, it follows that there exists g E Tq such 
that ■jgiS) n S — 0. But then g ^ Fq and 7g('S'o) Pi S'o = 0. Also, by Cauchy-Schwartz, for 
each x,y & Eq we have: 

\T{a^(^g){x)y) -T{x)T{y)\ 
<\\{x- t{x)1) - a;sj|2||y||2 + - r{y)l) - ysohMU + k((^7(5)(^So)l/So)l 
= ||(a^-T(a:)l) -a:soll2||y||2 + \\{y - T{y)l) - ysohWxh < e. 

(ii). If yo G L^{G) Xo- Fq satisfies yox = yQX,Wx G L^{Gi) and yo ^ L^j{G) then there 
exists /i G Fq, 7^ e, such that a^i^h){x)a = ax^Mx G Li,{G), for some a G L^j{G), a 7^ 0. This 
implies A(7/i((7i))aA((7f ^) — a^gi G Gi. But if this holds true then {''ih{gi)g' gi^ \ gi ^ Gi} 
must be finite, for any ^' G G in the support of a. When Gi = G and i' = l, reversing the 
implications proves the converse. 

{Hi). Note first that if 5" C Gi is a finite subset such that jhiS) = S*, V/i G Fi, the set 
UheVo'yhiS) follows finite as well. Thus, if 7, Fq, G checks (c) in (i) so does 7|ri5 Li, Gi. 

Then note that if 7, Fq, G verifies (ii) and for some gi G Gi the set {'yh{g)gig~^ \ 9 ^ Gi} 
is finite, then the set {'yhig)gig~^ | 5^ G G} follows finite, contradiction. Q.E.D. 

Corollary. Let 7 be the action of the group SL{2,R) on M^. For each a = e^^'* G T, let 
V = i^{a) be the unique normalized scalar 2-cocycle on satisfying the relation UxVy = 
exp{27ritxy)vyUx , where Ux = {x,0),Vy = (0, y) for x^y G M. Then v is '^-invariant. More- 
over, the following restrictions (7,Fo,G, z/) 0/ (7, 5'L(2, R), M^, are stronly ergodic and 
satisfy conditions (z), (ii) in the previous Lemma (so the corresponding actions of Fq are 
free and weakly mixing on Ljj{G)): 

(a) . Fq = SL{2,Z),G — 1? , or any other subgroup G ofM? which is S L{2, Z)-invariant, 
with 7 the appropriate restriction of ^ (and of i>). 

(b) . Tq = SL{2,Q), G = (or any other SL{2,Q) -invariant subgroup ofM?), with 7 
the appropriate restriction ofj. 

(c) . Fq — F^, regarded as a subgroup of finite index in SL(2,Z) (see e.g., [dHVajj, and 
G = L{{kZf), for somek> 1. 

Proof. Both conditions (z) and (ii) of the Lemma are trivial to check in case (a) and (6). 
Then (c) is just a simple consequence of part {Hi) of the Lemma. The strong ergodicity of 
these actions was proved in ([SI], [Va]). Q.E.D. 
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3.3.3. Tensor products of actions. We'll often need to take tensor products of actions Uj of 
the same group Vq on Ti), i = 1, 2, thus getting an action cr = cri (8) (72 <8) ••• of Tq on 

{B,t) = (5i,ri)®(S2,T2)®.... 

It is easy to see that the tensor product of a properly outer action cr of a group Fq with 
any other action ctq of Tq gives a properly outer action. In fact, if cr is an action of Tq on 
(S, r) and Aq C B is so that A'q (1 B yia- Tq C B then given any action uo of Tq on some 
{Bo, To), we have (^o 1)' n (B'^Bq x^^^^ Tq) = (A'q n B)'^Bo. 

While ergodicity does not always behave well with respect to tensor products, weak- 
mixing does: If a is weakly mixing and ctq is ergodic then cr® co is ergodic. If cr^, i > 1, are 
weakly mixing then ®icrj is weakly mixing. 

If CTQ is not strongly ergodic, then cr(8)cro is not strongly ergodic Vcr. Note that by ([CW]), 
if To is an infinite property H group then there always exist free ergodic measure preserving 
actions ao of Tq on L°°{X, jj) which are not strongly ergodic. Thus, given any cr, a ® is 
not strongly ergodic either. 

The following combination of Bernoulli shifts and tensor products of actions will be of 
interest to us: Let gq be an action of Tq on {Bq, tq). Let also Fi be another discrete group 
and 7 an action of Fi on Fq by group automorphisms. (N.B.: The action 7 may be trivial.) 

Let cri be the Bernoulli shift action of Fi on {B,t) = ® {Bo,To)gj^. Let also be the 

9ieri 

action of Fq on (B, r) given by erg = <S>gl0^o o 7(^1). 

Lemma. 1°. We have criigi)croi9o)'^ii9i^) = cr?(7(i/i)(^o)); for any go e Fq and ^1 G Fi. 

Thus, {go, gi) ^ o'o{go)<^i{gi) implements an action cr = cro xi^ cri o/Fq Fi on {B,t). 

2°. If the group Fq is infinite and the action erg is properly outer then the action a 
defined in 1° is properly outer. Moreover, if Bi C Bq satisfies B[ fl {Bq Xo-q To) C Bq, and 
we identify Bi with ... ® C ® Si (g) C... C B, then B[ n {B x^ (Fq x fJ) ^ B[nB. 

3°. // the action erg is weakly mixing, or if the group Fi is infinite, then cr is weakly 
mixing (thus ergodic). 

4°. If the group Fi is non-amenable, then a is strongly ergodic. 

Proof. 1° is straightforward direct calculation. 

2° follows once we notice that if Fq is infinite and ctq is properly outer, it automatically 
follows that Bo has no atomic part. This in turn implies the Bernoulli shift of Fi on 
{Bq, to)®'"^ is a properly outer action, even when Fi is a finite group. 

3°. This follows by the observations at the beginning of 3.3.3 and 3.3.1. 

4°. This follows from the properties of the Bernoulli shift listed in 3.3.1 (cf. [J2]). Q.E.D. 

3.4. Proposition. If the finite von Neumann algebra N has the property H relative to its 
von Neumann subalgebra B G N, then B is quasiregular in N. If in addition N is a type 
III factor M and B = A is maximal abelian in M , then A is a Cartan subalgebra of M . 

Proof. By Proposition 2.3, given any xi, X2, G A^, with ||xi||2 < 1, and any £ > 0, there 

exists an operator T G S' fl J{{N,B)) such that ||T|| < 1 and \\T{xi) — Xi\\2 < £^/32,Vi. 
Since ||T|| < 1, this implies 

\\T*{xi) - XiWl = \\T*{x,)\\* - 2Re{T*{x\),x,) + \\x4l 
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< 2\\xi\\l - 2Re(T*(f,),a^^) = 2Re(f„ (f, - T(f,))) 
<2||xi||2||fi-T(fi)||2 <£Vl6- 

As a consequence, we get: 

\\T*T{xi) - Xih < \\T*\\\\T{xi) - Xi\\2 + \\T*ixi) - Xih < s/2. 

Thus, if we let e be the spectral projection of T*T corresponding to [1 — 6, 1] then \\T*T — 
T*Te\\ < 5, yielding 

\\e{xi) - Xih < \\T*T{xi) - Xi\\2 + \\e{T*T{xi) - {xi))\\2 + \\T*T - T*Te\\ 

< 2\\T*T{xi)-Xi\\2 + S. 

But for 5 sufficiently small the latter follows less than e, Vi. Since the projection e lies in 
B' n J{{N, B)), this proves that V{/ | / e V{B' D {N, B)), f finite projection in {N, B)} = 
1. By part (iii) of Lemma 1.4.2, this implies B is quasiregular in N. If in addition B 
is a maximal abelian subalgebra then B follows Cartan by ([PoSh]; see also part (i) in 
Proposition 1.4.3). Q.E.D. 

3.5. Remarks. 0°. It is interesting to note that in most known examples of groups Tq with 
the property H, the positive definite functions ip^ £ Co(ro) approximating the identity can 
be chosen in £^(ro), for some p — p{n). This is the case, for instance, with the free groups 
¥m (cf. [H]), the arithmetic lattices in SO{m, 1), SU{m, 1), etc. It is a known fact that if 
all ifn can be taken in the same (.'^{Tq), (which is easily seen to imply they can be taken in 
£^(ro), Vn) then Fq follows amenable. This fact, along with many other similar observations, 
justifies regarding Haagerup's approximating property as a "weak amenability" property. 

1°. The same proof as in ([Cho]) shows that if G C Go is an inclusion of discrete groups 
with the property that there exists a net of positive definite functions on Go which are 
constant on double cosets GgoG,ygo e Go (thus factoring out to bounded functions on 
G\Go/G) and satisfy 

(3.5.1'). G is quasi-normal in Go and (pa £ co(G\Go/G), Va; 
(3.5.1"). lim (/Pa(5'o) = l,V5ro e To. 

a— >oo 

then Lj^{Gq) has the property H relative to Lj^{G) for any scalar 2-cocycle v for Go- 

When G G Go satisfies the set of conditions (3.5.1) we say that Go has the property H 
relative to G. Note that in the case G is normal in Go this is equivalent to Gq/G having 
the property H as a group. (See 3.18-3.20 in [Bo] for similar such considerations). 

2°. The relative property H for inclusions of finite von Neumann algebras is related to 
the following notion of relative amenability considered in ([Pol, 5]): If S C is an inclusion 
of finite von Neumann algebras then N is amenable relative to B if there exists a norm 
one projection of {N,B) = {JnBJn)' nB{L'^{N)) onto N, where L^{N) is the standard 
representation of N and Jjv is the corresponding canonical conjugation. 
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It is easy to see that if B C AT is a cross-product inclusion S C -B xi cr Tq for some cocycle 
action u of a discrete group Fq on {B,to), with tq a faithful normal trace on B, then N is 
amenable relative to B in the above sense if and only if Fq is amenable, a fact that justifies 
the terminology. Thus, in this case N amenable relative to B implies N has the property 
H relative to B. 

If N is an arbitrary finite von Neumann algebra with a normal faithful tracial state r 
and B C N is a von Neumann subalgebra, then the amenability of N relative to B is 
equivalent to the existence of a N-hypertrace on (A^, S), i.e., a state (p on (A^, B) with N in 
its centralizer: f{xT) = ip{Tx),\/x E N,T E {N,B) (cf. [Pol]). It is also easily seen to be 
equivalent (by using the standard Day-Namioka-Connes trick) to the following F0lner type 
condition: VF C U{N) finite and £ > 0, 3 e e V{{N, B)) with Tre < oo such that 

(3.5.2). ||uoe - e«o||2,Tr < £||e||2,Tr, Vwq e F. 

Note that in case {B C A^) = {L,^{G) C L,^{Gq)) for some inclusion of discrete groups 
G C Go and a scalar 2-cocycle z/ on Go, condition (3.5.2) amounts to the following: VF C Go 
finite and e > 0, 3E G Gq/G finite such that 

(3.5.2'). I^o^-Fl <e|F|,V^oei^• 
This condition for inclusions of groups, for which the terminology used is "G co-F0lner in 
Go", was first considered in ([Ey]). It has been used in ([CCJJV]) to prove that if G C Go 
is an inclusion of groups. Go is amenable relative to G and G has Haagerup property, then 
Go has Haagerup's property. It would be interesting to know whether a similar result holds 
true in the case of inclusions of finite von Neumann algebras B C N. 

3°. A stronger version of relative amenability for inclusions of finite von Neumann alge- 
bras B G N was considered in ([Po5]), as follows: A'^ is s-amenable relative to B if given any 
finite set of imitaries F C hl{N) and any £ > there exists a projection e G B' {~\ {N,B), 
with Tre < oo, such that e satisfies the F0lner condition (3.5.2) and \\Tr{-e)/Tr{e) — r|| < e. 
(No specific terminology is in fact used in [Po5] to nominate this amenability property.) 
Note that in case B' f] N = C, we actually have Tr{-e)/Tr{e) = r for any finite projection 
e in n {N, B), so the second condition is redundant. The s-amcnability of A^ relative to 
B is easily seen to be equivalent to: There exists a net of S-bimodular completely positive 
maps (pee on N such that rocj)^ < r, T^^ belong to the (algebraic) ideal generated in (A^, B) 
by es and lim ||(/>a(a;) — x\\2 — 0, Va; e N. Thus, N s-amenable relative to B implies N has 

a—^oo 

property H relative to B. Also, one can check that if N = B yi^j Tq for some cocycle action 
cr of a discrete group Fo on {B,t), then N is s-amenable relative to 5 iff A/" is amenable 
relative to B and iff Fo is an amenable group. 

4°. Let A^ C M be an extremal inclusion of type IIi factors with finite Jones index and let 
T — My C M M°P = 5" be its associated symmetric enveloping inclusion, as defined 

ejv 

in ([Po5]). It was shown in ([Po5]) that T is quasiregular in S. It was also shown that S is 
amenable relative to T iff is s-amenable relative to T and iff A^ C M has amenable graph 
'^N,M (or, equivalently, N G M has amenable standard invariant Qn,m)- 
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By (Sec. 3 in [Po5]), if AT c M is the subfactor associated to a properly outer co- 
cycle action cr of a finitely generated group Fq on a factor ~ M, then the correspond- 
ing symmetric enveloping inclusion T = M V M°p C M IE M°p = S is isomorphic to 

M®M°P C M®M°P To, so T is regular in S. But if iV C M has index A"^ > 4 

and Temperley-Lieb- Jones (TLJ) standard invariant Qn,m = Q^-, then the corresponding 
symmetric enveloping inclusion T C 5" is quasi-regular but not regular. In particular, if 
= 4 then [S : T] — oo and S has property H relative to T (because Qn,m is amenable 
by [Po3]), while T is quasi-regular but not regular in S. 

5°. By using exactly the same arguments as in the case of the property (T) for standard 
lattices considered in ([Po5]), it can be shown that for an extremal standard lattice Q the 
following conditions are equivalent: (z). There exists an irreducible subfactor N <Z M with 
Qj^^j^ = g such that M K M°p has property H relative to M V M°P; (ii). Given any 

ejv 

subfactor N C M with ^jv,m ^ M M M°p has property H relative to M V M°p. If G 

satisfies either of these conditions, we say that the standard lattice Q has the property H. By 
3.6, any amenable Q has the property H. We will prove in a forthcoming paper that the TLJ 
standard lattices have the property H, VA~^ > 4, while they are known to be amenable 
iff A-i =4 ([Po2], [Po5]). 

6°. When applied to the case of Cartan subalgebras A <Z M coming from standard 
equivalence relations TZ (i.e., countable, free, ergodic, measure preserving) and having trivial 
2-cocycle v = 1, definition 2.2 gives the following: A standard equivalence relation TZ has 
the property H (or is of Haagerup-type) if M has the property H relative to A. Note that in 
case TZ comes from an action cr of a group Pq then the property H of the corresponding TZ 
depends entirely on the group Pq, and not on the action (cf. 3.1). Since in addition A x Pq 
has the property H relative to A if and only if p{A x Tq)p has the property H relative to 
Ap^ for p e P(A) (cf. 2.5), it follows that property H for groups is invariant to stable orbit 
equivalence (this fact was independently noticed by Jolissaint; see [Fu] for a reformulation 
of stable orbit equivalence as Gromov's "measure equivalence", abreviated ME). 

4. Rigid embeddings: definitions and properties. 

In this section we consider a notion of rigid embeddings for finite von Neumann algebras, 
inspired by Kazhdan's example of the rigid embedding of groups C x SL{2, Z). Our 
definition will be the operator algebraic version of the notion of property (T) for pairs 
of groups in ([Ma], [dHVa]), in the same spirit Connes and Jones defined the property 
(T) for single von Neumann algebras starting from the property (T) of groups, in ([CJ]). 
Thus, like in ([CJ]), to formulate the definition we use Connes's idea ([C3]) of regarding 
Hilbert bimodules as an operator algebra substitute for unitary representations of groups, 
and completely positive maps as an operator algebra substitute for positive definite functions 
on groups (see Section 1.1). For convenience (and comparison), we first recall the definition 
of property (T) for inclusions of groups and for single IIi factors: 

4-0.1. Relative property (T) for pairs of groups. The key part in Kazhdan's proof that 
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the groups SL{n,'R) (resp. S'L(n, Z)), n > 3, have the property (T) consists in showing 
that representations of xi SL{2,W) that are close to the trivial representation contain 
copies of the trivial representation of M^. This type of "relative rigidity" property was later 
emphasized as a notion in its own right by Margulis ([Ma]; see also [dHVa]), as follows: 

Let G C Go be an inclusion of discrete groups. The pair {Gq, G) has the relative property 
(T) if the following condition holds true: 

(4.0.1). There exist finitely many elements gi,g2,...,gn G Gq and e > 0, such that if 
n : Gq U{7i) is a unitary representation of the group Go on the Hilbert space TC with a 
unit vector ^ & H satisfying \\n{gi)^ — ^|| < £, Vz, then there exists a non-zero vector $,o e H 
such that 7r(/i)^o = ^Oi^h e G. 

Due to a recent result of Jolissaint ([Jo2]), the above condition is equivalent to: 

(4.0.1'). For any e > 0, there exist a finite subset E' C Gq and 5' > such that if (tt^H) is 
a unitary representation of Gq on the Hilbert space TC and ^ e 7i is a unit vector satisfying 

W^m - eil < 5', V/i e E', then \\7Tig)C - <e,^ge G. 

Note that the equivalence of (4.0.1) and (4.0.1') is easy to establish in case G is a normal 
subgroup of Go (exactly the same argument as in [DeKi] will do), but it is less simple in 
general (cf. [Jo2]). On the other hand, condition (4.0.1') is easily seen to be equivalent to: 

(4.0.1"). For any e > 0, there exist a finite subset E d Gq and 5 > such that if (/? is a 
positive definite function on Gq with \(p{h) — 1| < S,\/h & E then \(fi{g) — 1\ < e,\/g & G. 

Note that in the case G = Go, condition (4.0.1) amounts to the usual property T of 
Kazhdan for the group Go ([Kaz]; see also [DeKi], [Zi]). We will in fact also use the following 
alternative terminologies to designate property (T) pairs: G d Gq is a property (T) (or rigid) 
embedding, or G is a relatively rigid subgroup of Go. 

4-0.2. Property (T) for factors. The abstract definition of property (T) for a single von 
Neumann factors is due to Connes and Jones ([CJ]): A type IIi factor N has the property 
(T) if the following condition holds true 

(4.0.2). There exist finitely many elements xi, X2, ^ N and ^o > such that if Ti 
is a N Hilbert bimodule with a unit vector ^ G 7i such that \\xi^ — ^Xi\\ < eQ,\/i, then 7i 
contains a non-zero vector ^o such that x$,q — $,qx, Vx G N. 

Connes and Jones have also proved that the fixed vector ^o can be taken close to the 
initial ^, if the "critical set" in is taken sufficiently large and the "commutation constant" 
suflBciently small ([CJ]), by showing that (4.0.2) is equivalent to the following: 

(4.0.2'). For any £ > 0, there exist a finite subset F' G N and 6' > such that if Ti is 
a Hilbert A-bimodule and ^ G is a unit vector satisfying — < S',\/y G F', then 
there exists ^q E H such that a;^o = ^o^^^x G N and ||^ — ^o|| < ^- 
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For inclusions of finite von Neumann algebras, we first establish the equivalence of several 
conditions: 

4.1. Proposition. Let N be a finite von Neumann algebra with countable decomposable 
center (i.e., which has normal faithful tracial states). Let B G N be a von Neumann 
subalgebra. The following conditions are equivalent: 

1°. There exists a normal faithful tracial state r on N such that: \/e > 0, 3F' C N 
finite and S' > such that ifTtisa Hilbert N-bimodule with a vector ^ & 7i satisfying the 
conditions - r\\ < S', - t|| < S' and \\yC - Cy\\ < S',\/y e F' then 3^0 e H 

such that 11^0 — ^|| < £ and b^o = ^ob,yb e B. 

2°. There exists a normal faithful tracial state r on N such that: We > 0, 3F C N finite 
and d > such that if (j) : N ^ N is a normal, completely positive map withrocf) < r, 0(1) < 
1 and \\(t){x)-x\\2 < 5,Vx G F, then \\(t){h) - 6||2 < £,V6 G B, \\b\\ < 1. 

3°. Condition 1° above is satisfied for any normal faithful tracial state r on N . 

4°. Condition 2° above is satisfied for any normal faithful tracial state r on N . 

Proof. We first prove that condition 1° holds true for a specific normal faithful tracial state 
T if and only if condition 2° holds true for that same trace. Then we prove 1° <^ 3°, which 
due to the equivalence of 1° and 2° ends the proof of the Proposition. 

2° =^ 1°. By part 1° of Lemma 1.1.3, we may assume the vectors ^ G 7i in condition 
4.1.1° also satisfy (•^,^) < r and (^•,^) < r, in addition to the given properties. We take 
xi,X2, ...jXri to be an enumeration of the finite set F and for any given e' > let S' be the 
6 given by condition 2° for s = s' /A. By part 2° of Lemma 1.1.3, such a vector ^ gives 
rise to a completely positive map (f) = on N which satisfies condition 4.1.2°. Thus, 

— 6II2 < £, V6 G -B, < 1. By Lemma 1.1.2, this implies ^ (which is equal to ^0) 
satisfies — ^|| < 2£^/^ < e' ,\/u G U{B). By averaging over the unitaries u G U{B), it 

follows that there exists ^V. such that ||^o — ^|| < ^' and ^0 commutes with B. 

1° =^ 2°. Let £ > 0. Define F{e) = F'{s^ /8),6{e) = 5'{e^/d>f/A. Let then (/> : N ^ N 
be a completely positive map satisfying the conditions 2° for this F{e) and S{e). Let {H(p, ^0) 
be constructed as in 1.1.2. By part 4° of Lemma 1.1.2, we have for a; G F(e) the inequality 

- U^W < '^Uix) - x\\l^^ < 5'{ey8). 

Thus, there exists ^0 £ 'H<i) such that ||^<^ — Co|| < £^/8 and b^o = ^0^5 Vfe G B. But then, 
if It G U{B) we get 

mu)-u\\l < 2-2Re«<^w*,e^) 
< 2 - 2||^o||' + 4||^o - U\\ < 2 - 2(1 - e^/8f + Ae^/8 < e\ 

Since any b & B, \\b\\ < 1, is a convex combination of unitary elements, we are done. 

3° =^ 1° is trivial. To prove 1° =^ 3°, let tq be a normal faithful tracial state 
on A^. We have to show that Ve > 0, 3Fo C finite and 60 > such that if Ti is 
a Hilbert A^-bimodule with rj E Ti satisfying ?]) — ro|| < Sq, \\{r]-,r]) — to\\ < 60 and 
WuV ~ VvW ^ <^0) G Fq then 3r]o G Ti. such that ||?7o — r]\\ < e and brjo — rjob, V6 G B. 
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By Sakai's Radon-Nykodim theorem, tq is of the form tq = r(-ao) for some oq G 
L^{Z{N),t)+ with T(ao) = 1. It is clearly sufficient to prove the statement in the case 
ao is bounded and with finite spectrum (thus bounded away from as well). Also, by 
taking the spectral projections of ao to be in Fq and slightly perturbing r], we may assume 
r] commutes with oq. We take Fq — F'(£/||ao||) and 6o — 5'(£/||ao||)/||ao ^||, as given by 
condition 1° for r. 

1/2 1/2 

Let C = ^0 V = V^o • Then we have 

= \\{-a^\v)-ro{-%')\\ < /\\%'\\) = 5'- 

Similarly, ||(^-,^) — r|| < 6'. Also, for y E Fq we have: 

= ll[y,ao'/'^]ll < IK'^'lK'^VIIaoi) < s'- 

Thus, by 1°, there exists E TC such that b^o = ^ob,\/b G B and ||^o ~ ^11 ^ ^/ll'^oll- In 

1 /2 

addition, since ^ commutes with ao, we may assume ^o also does. Let ijo — Gq ^q. Then ijq 
still commutes with B and we have the estimates: 

11^0 - V\\ = \\al% - ay^eil < llarillieo - ClI < \\al^"\\{e/\\ao\\) < e. 

Q.E.D. 

4-2. Definitions. Let be a countable decomposable finite von Neumann algebra and 
B G N a von Neumann subalgebra. 

4.2.1. B G N is a rigid (or property (T)) embedding (or, i? is a relatively rigid subalgebra 
of N, or the pair (A, B) has the relative property (T)) if B G N satisfies the equivalent 
conditions 4.1. 

4-2.2. If A is a finite factor and £0 > then B G N is SQ-rigid if 3F G N finite and 
5 > such that if is a completely positive map on A with 0(1) < 1, to0 < r and 
U{x) - x\\2 <S,yxGF then ||0(6) - b\\2 < £0, V6 e B, \\b\\ < 1. 

Note that if A is a finite factor then an embedding B G N is rigid if and only if it is 
£o-rigid V£o > 0. We'll see that if some additional conditions are satisfied (e.g.: B regular 
in A, in 4.3.2°; B, A group algebras coming from a group-subgroup situation, in 5.1;) then 
B G N £o-rigid, for £0 = 1/3, is in fact sufficient to insure that B G N is rigid. 

4.3. Theorem. Let N be a separable type IIi factor and B G N a von Neumann subalgebra. 

1°. Assume B G N is either rigid or SQ-rigid, for some £0 < 1, with B semi-regular. 
Then N' (1 N"^ = N' (1 (B' n A)'^, for any free ultrafilter w on N. If in addition to either 
of the above conditions B also satisfies B' n N = Z{B) (resp. B' n N = C) then A is 
non-McDuff (resp. non-V). 

2°. Assume that either B is regular in A or that J\fN{By fl A'^ = C. Then B G N is 
rigid if and only if it is Eq -rigid for some Eq < 1/3. 
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Proof. 1°. Assume first that B G N is rigid. By applying 4.1.2° to the completely pos- 
itive maps (j) = Adu for u e 1{{N), it follows that for any s > there exist 5 > and 
xi,X2, ■■■■,Xn e N such that if tt e U{N) satisfies 

\\uxi — Xiu\\2 < 5, Vi, 

then 

\\ub-bu\\2 < £,V6 e S, < 1. 

In particular, — u\\2 < s,\/v E IA{B). Thus, by taking averages over the vmitaries 

f e -B, it follows that \\EB'nN{u) — u\\2 < s. Thus, if (un) C U{N) is a central sequence of 
unitary elements in N, i.e., 

lim ||[a;,Wn]||2 = 0,Va; e N, 

n^oo 

then 

lim \\Un - EB'nN{Un)\\2 = 0. 
n—^oo 

Assume now that S C is eo-rigid, with £o < 1, and that Af{B)' D N = C. We proceed 
by contradiction, assuming there exists u = (un)n ^ U{N' n N^) such that u ^ [B' fl N)'^ . 
By taking a suitable subsequence of it follows that there exists {vn)n C U{N) such 

that lim ||[fn)a^]||2 = 0, e A, and ||-E'B'niv('i'n)||2 < c, Vn, for some c < 1. It further 
follows that given any separable von Neumann subalgebra P C A'^ there exist ki <^k2 <^ ... 
such that lim ||[vfc„,yn]||2 = 0, Vy = {yn)n e P. 

n— +00 

Moreover, if P C Mn'^{B'^)" , then the subsequence v' = (ffc„)n can be taken so that 
to also have [EB'^'r\N'^{v')Ty] = 0, Vy G P. To see this, let S C M{B^) be a countable 
set such that the von Neumann algebra Pq generated by S contains P. Choose /c„ j oo 
so that lim || [t'A;„, Wn] II2 = 0, Vty = {wn)n G S. We then have wEB'^'r\N'^W)w* = 

n— >oo 

wEB'^'r\N'^{w*v'w)w* = EB'^'nN'^iv'), Vw G 5. Thus [E's^^/puv-' ('i^'); -S"] = implying 
[EB^'nN'^i^'), Po] = as well. 

Now notice that {B' fl A)'^ = S'^' fl A'^ (see e.g. [Po2]). As a consequence, since 
EB'^'nN'^i^) is the element of minimal norm || II2 in ccP" {wxw* \ w G ^(i?'^)}, which 
in turn can be realized as a || ||2-limit of convex combinations of the form wxw* with 
w in a suitable countable subset of U{B^), it follows that for any x G A'*' there exists a 
separable von Neumann subalgebra P G B^ such that Ep'rtN^{x) = Es'^'nN^ix)- Also, 
since J\fN-'{B'^) ^ n AfN(B), MiB'^)" follows a factor and for any x' G A'^ there exists 

n— >a> 

a separable von Neumann subalgebra Pq generated by a countable subset in H{B'^) such 
that Pq^ P and Ep^nAf- (a^') = r{x')l. 

Using all the above, we'll prove the following statement: 

(4.3.1'). If X G A'^ then there exists a subsequence (i'A;„)n of (i'n)n such that v' = (ffe„)n £ 
A"^ satisfies \\EB^'r\N^{xv')\\2 = \\EB^'r\N^{x)\\2\\EB^'r\N^W)\\2. 

To see this, take first a separable von Neumann subalgebra P C B"^ such that Eb'^'^n-' {x) ~ 
Ep 

'nJV^ {x). Then take Pq a von Neumann algebra generated by a countable subset in J\f{B'^) 
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such that Pq D P and Ep^riNu,(x') = t{x')1 where x' = EB'^'nN'^{x)*EB'^'nN'^{x). Since 
^u>' PI c p' n iV^, if the subsequence (vkjn is chosen such that [v'^Pq] = then 
[v', P] = and we have 

EBu"nN'^{xv') = EB'^'nN'^{Ep'nN'-{xv')) = EB'^'nN'-{Ep'nN'- {x)v') 

= EB'^'r\N'^{EB'^'r\N'^{x)v') = EB<^'r\N'^{x)EB<^'r\N'^{v')- 
Also, since y' = EB'^'r\N'^W)EB'^'r\N'^W)* satisfies [y', -Po] = 0, we get 

\\EB-'r\N-{xv')\\l = \\EB'-'nN'-{x)EB'-'nN'-{v')\\l = r{x'y') = T{Ep^r\N-{x'y')) 

- r{Ep,^N^{x')y') = T{x')T{y') = ||^B-niV"(^)||i||^iJ-niV"K)lli- 

Now, by applying recursively (4.3.1'), it follows that we can choose a subsequence oi 
V = {vn)nj then of v^, etc, such that 

\\EBu"nN^(ny)\\2 = Uj\\EB^'nN^iv^)h = ll^s-'niv- (^^)||^ < c^- 

Take m so that < 1 — Eq and put w = v^v'^...v'^, w = {wn)n, with Wn € U{N)^ and 
(t)n = Ad{wn)- It follows that 

(4.3.1") \iin\\EB'nN{wn)h<l-eo, lim ||0„(a;) - a;||2 = 0, Vx e AT 

n—i-u! n— >oo 

By the eo-rigidity of B <Z N the second condition in (4.3.1") implies that for large enough 
n we have 

\\uWnU* — Wn\\2 = Htyn^t^^n ~ '"lb = ||0n(^*) " u\\2 < Sq^U G U{B). 

Taking convex combinations over u, this yields \\EB'nN{wn)—'Wn\\2 < £o- Thus \\EB'nN{wn)\\2 > 
1 — £o for all large enough n, contradicting the first condition in (4.3.1"). 

2°. We need to show that if {ipn)n are completely positive maps on N satisfying 

(a) T o < T,ijjn{f) < f,^n, lim ||';/;„(a;) - a;||2 = 0, Vx e TV, 

n— »oo 

then lim sup{{\\'ijjn{b) — b\\2 | 6 G -B, < 1}) = 0. Assume by contradiction that there 

n — >oo 

exist ('i/'n)n satisfying (a) but 

(b) inf„(sup{||V'n(fe) - b\\2 \beB, \\b\\ < 1}) > 0. 
Note that by the eo-^igidity of B G N, (a) implies 

(c) limsup(sup{||V'n(fe) - b\\2 \ beB, \\b\\ < 1}) < Sq. 
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If ('0n)n satisfies T o -0^ < T, '0n(l) ^ 1, Vn in (a) then 

(d) *((a;n)n) =' {(l>nM)n, iXn)n & , 

gives a well defined completely positive map \E' on A'^'^ with t o < r, "^{1) < 1. Thus, the 

fixed point set (A^'^)* =^ {x G N'^ \ = x} is a von Neumann algebra. If ('i/'n)n also 

satisfies the last condition in (a), then N C (A^'^)*. In particular ^'(1) = 1 which together 
with ||Tvi>|| < 1 implies T^*{i) = 1, equivalently = 1, i.e., r o * = r. 

If in addition to (a) the sequence {ipn)n satisfies (6), then <f_ (N^)^ . Let us prove 
that the So-rigidity oi B C N entails 

(e) {N^f. 

For t/; a map on an algebra denote by the m-time composition ip o ip... o ip. Then note 
that for each m > 1 the sequence {ip'^)n still satisfies (a), and thus, by £o-rigidity, (c) as 
well. Thus 

11*^(6) -6||2<eo,V6GS'^,||6|| <1. 
But by von Neumann's ergodic theorem applied to and x e A'"'^, we have 

(f) lim \\m-^E]^^^^''{x) - E(j^u.)^{x)\\2 = 0, 

which together with the previous estimate shows that for a; = 6 e B^, \\b\\ < 1, we have 
||-E(iv-)*(&) - b\\2 < £o, i.e., (e). 

The assumption A/'(S)' n A^'^ = C implies in particular that A^' n A^'^ = C C (A^'^)*. 
We next prove that B regular in A^ implies A^' fl A^'^ C (A^^)"^ as well, for any \1/ on A^'^ 
associated as in {d) to a sequence ('0n)n satisfying (a). Denote P — (A^^)* and assume by 
contradiction that N' fl A'"'^ ^ P. Since N' fl and P make a commuting square, this 
implies there exists x G A^' fl A^^, x 7^ 0, such that Ep{x) = 0. Moreover, we may assume 
X = {xn)n satisfies Xn = x^, \\xn\\2 = l,Vn. 

By using (/), we can choose "rapidly" increasing ki <^ /c2 ^ ••• and "slowly" non- 
decreasing nil < 1712 < •■• such that the sequence of completely positive maps i/j'^ = 
(mn)~^^T=^i^i satisfies (a) and lim HV'nlOlh = 0, with lim ||[a;;,y]||2 = 0,Vy G N, 
lim t{{x'^)^) = r(,-r'^),Vfc, where x'^ — Xk„- 

n — >oc 

Denote by the completely positive map on A^'^ associated with {i^'^jn, as in (d), and put 
X = Xi = {x'n)n G A'"'^. Since each separable von Neumann subalgebra of is contained 
in a separable factor and since for each separable Q C A'"'^ there exists ji -C j2 -C ... 
such that X' = {x'j^)n E Q' H , it follows that there exist separable factors Qo = N C 
Qi C ... C Qm-i in N'^ and consecutive subsequences of indices (j, 1) < (j, 2) < for 
j = 1,2, ...,m, with (l,n) = n, such that Xj — {x'j ,^)n G A^^ satisfy Xi, X2, Xj G Qj, 
[Qj^Xj^i] = 0, for < J < m — 1. Denote by the completely positive map on 
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associated with (V'j>)n: noticing that each one of these sequences checks (a). Thus for each 
j = 1, 2, ...,m we have ^j{x) = x^^x E N and ^j{Xj) = 0. Moreover, the von Neumann 
algebra generated by Xi, X2, •••,^m in iV^ is isomorphic to the tensor power {A{X), t)®"*, 
where A(X) is the von Neumann algebra generated by X G A^^. 

Let X = m-^/^EJL^Xj and ^ = m-^E^^i^'^-. Let Pj = (A^'^)*^ 1 < j < m, and 

P = (N'^)^ . By (a) — (e), P, are von Neumann algebras containing and Cg^ Pj, P. 
Moreover, since by convexity we have '^{Y) = y iff ^'j(l^) = Y, Vj, it follows that P = H^Pj. 
Thus, since ^^jiXj) = implies Ep.{Xj) = 0, it follows that Ep{X) = 0. 

But by the central limit theorem, as m ^ 00, X gets closer and closer (in distribution) 
to an element Y = Y* with Gaussian spectral distribution, independently of X . Let Y' = 
Ye[_2,2]{Y) and ||1^||2 = t. By using Mathematica, one finds t > 0.731). Thus, for large 
enough m, X' = Xe[_2,2]i^) satisfies = t_ with t_ close to t. Let X" = X — X' and 

note that X'X" = 0, so \\X'\\l + \\X"\\l = \\X\\l = 1. Also, 

Ep(X') = Ep(X - X") = -Ep(X"), 
implying that ||£;p(X')ll2 < ll^'lli = 1 - t-- Altogether 

- Ep{r)\\l = \\X'\\l - \\Ep{X')\\l > 2t_ - 1. 

Since Xi e iV' n iV^ C P'^ and = 2, if we take Xq = X' [2 then ||Xo|| = 1 and 

||Xo - Ep{Xo\\l = (2t_ ~ l)/4 > (1/3)2, this contradicts P"^ C1/3 P. 

This finishes the proof of the fact that A^' fl A^'^ C (A^'^)"^, independently of for 
arbitrary ('i/'n)n checking (a). Thus P = ni(A^'^)**, where G J, is the family of all 
completely positive maps on N'^ coming from sequences (V'i,n)n satisfying (a), still satisfies 
A^, A^' n A^'^ C P. Let us show that this newly designated P still satisfies P'^ Cg^ P. To see 
this, take a finite subset Id and consider the sequence i/ji^^i = which clearly 

satisfies (a). Thus, the associated completely positive map on A''^ satisfies 

\\Ep,{b)-bh<So,ybeB^,\\b\\<l. 

where P/ =\n^)'^'. Since \I\-^J:,^,{x) = xiff*i(a;) = x, Vi G /, wehaveP/ = n (Ar'^)*^ 

But P/ ], P as / t X, implying that ||Pp(6) — b\\2 < £0, V6, as well. 

Denote Uq = Af{B) UU{M{B)' n (P'^)' n A^'^), A^o = K and notice that v{B'^)v* = 
B'^,\/v G Uq. Also, if we let M = A^'^, Q = P'^, then by 1° both the assumption A/'(P)' fl 
N"^ = C and Nn{B)" = N imply that C P and AT^ n M = Q' n ^(A^o) are satisfied. 
Thus, A. 3 applies to get a non-zero projection p e Q' (1 Z{Nq) such that Qp C P. In the 
case J\f{By n A^'^ = C, this implies p = 1 and we get B^ C P, a contradiction which finishes 
the proof under this assumption. 

If B is regular in A", then the group M{B) — J\f{B V P' n A^) generates the factor N, a 
fact that is easily seen to imply AGv" (B^)' fl A'"'^ = C. This implies there exists a countable 
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subgroup Ui C Af{B'^) such that r(p)l is a limit in the norm-|| II2 of convex combinations 
of elements of the form uipul, ui & Ui. Let then {'^n)n be the sequence of completely 
positive maps satisfying (a) — {h) at the beginning of the proof, with hn G B, < 1, 
W^fpnipn) — hn\\2 > c > 0, V?2. If we choose a sufficiently rapidly increasing /ci <^ /c2 <^ 
then the completely positive map \E'' associated with (i/'jt„)n as in (d) has both and Ui 
in the fixed point algebra [N^)^' . But since P C (iV^)*', it follows that (iV^)*' contains 
B'^p, and thus = B'^{uipul),\/ui e Ui as weU. This implies B'^ C (iV^)*', 

contradicting - 6'||2 > O 0, where 6' = (6fe„)n e 5'^. Q.E.D. 

4.4. Theorem. Let N he a type IIi factor and B d N a von Neumann subalgebra such 
that B' nN = Z{B) and such that the normalizer of B in N , J\f{B), acts ergodically on the 
center of B. Let Qb ^ AutA^ be the group generated by IniN and by the automorphisms of 
N that leave all elements of B fixed. If B d N is SQ-rigid for some Sq < 1 then Qb is open 
and closed in AutA''. Thus, AvlIN/Qb is countable. 

Proof. By applying condition 4.2.2° to the completely positive maps 9 G AutA^, it follows 
that there exist 6 > and xi, X2, a;„ G A" such that if ||6'(a;i) — Xi\\2 < S then 

\\e{u)-u\\2 <£0,VwGW(S). 

Thus, if k denotes the unique element of minimal norm || ||2 in = co^{^('u)tt* | u G 
U{B)} then \\k - ly < £o and thus k ^ 0. Also, since 6{u)Ku* C K and \\9{u)ku*\\2 = 
||A;||2,Vu G U{B), by the uniqueness of k it follows that 9{u)ku* — u, or equivalently 
9{u)k = ku, for all u G U{B). By a standard trick, if v G A?" is the (non-zero) partial 
isometry in the polar decomposition of A;, then 9{u)v = vu^^u G U{B), v*v G B' f] N = 
Z{B),vv* G 9{By DN = 9{Z{B)). Since U{B) acts ergodically on Z{B) (equivalently, 
M{By n N = C), there exist finitely many partial isometries vq = v*v,vi,V2, ■■■,Vn G A^ 
such that v*Vi = v*v,0 < i < n - 1, v^Vn G Z{B)v*v and ViV* G Z{B),ViBv* = BviV*,Wi. 

If we then define w = T,i9{vi)vv* , an easy calculation shows that w is a unitary element 
eindwbw* = 9{b),ybeB. Q.E.D. 

4.5. Proposition. Let N be a type IIi factor and B <Z N a rigid embedding. 

1°. For any eo > there exist Fq (Z N and Sq > such that if Nq (Z N is a subf actor 
with B a No and Fq <Zso Nq, then B G Nq is eo-rigid. In particular, if N^ G N, k > 1 is 
an increasing sequence of subfactors such that B C Nk,\/k, and U^Nk = N, then for any 
£o > there exists k^ such that B C N^ is e^-rigid \fk > ko. 

2°. Assume in addition that B is regular in N and B' HN — Z{B). For any e > there 
exist a finite subset F (Z N and S > such that if Nq (Z N is a subf actor with Nq n N = C 
and F (Zs Nq then there exists u G U{N) such that ||it — 1||2 < ^ cind uBu* C Nq, with 
uBu* C A'o rigid embedding. If in addition Nq D B then one can take u = 1. In particular, 
if Nk C N is an increasing sequence of subfactors with N^ fl A^ = C and Nk t A^ then there 
exist kQ such that UkBu^ C Nk rigid, Wk > kQ, for some Uk G U{N), \\uk — 1||2 0, and 
such that if Nk Z) B,yk, then B <Z N^ rigid \/k > kQ. 
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Proof. 1°. With the notations of 4.1.2°, for the critical sets F{e') and constants 5{e') for 
B C N, let Fq = F{eo) and 5o = 5{eo)/2. Let Nq C N he a von Neumann algebra with 
B C iVo, \\ENQ{y) —y\\2 < So,\/y G Fq. We want to prove that i? C A^o is £o-rigid by showing 
that if 00 is a completely positive map on Nq with 0o(l) < ° 4^0 < t and 

||</'o(z/o) - yoh < S{eo)/2,yyo e Eno{Fo), 

then ||(/>o(^) — ^Ib < £0, V6 G -B, < 1. To this end let ^ = 0o ° -E'iVo, which we regard as 
a completely positive map from N into N (d A^o)- Clearly (f)(1) < 1,t o (f) < r. Also, for 
y E F{eo) we have 

||0(y) - yh < WMENoiy)) - ENo{y)h + ll^iVo(y) - yh < ^(^o). 

Thus, \\4>{b) — &II2 < £0, V6 e S, ||6|| < 1. Since for 6 e S we have (f){b) = (poib), we are done. 

2°. By applying condition 4.1.2° to the completely positive maps En^, it follows that if 
we denote ^(A^o) = sup{||i?7v„(6) — b\\2 \ b E B, \\b\\ < 1}, then eiNo) ^ as E^^^ id^. 
Thus, by Theorem A. 2 it follows that there exist unitary elements u = u{Nq) G such 
that uBu* C A'o and \\u — III2 0. Moreover, by 1° above and 4.3.2°, it follows that 
uBu* C No (equivalently, B C uNqu*) is a rigid embedding when A^o is close enough to 
N on an appropriate finite set of elements. The fact that B is still regular in A'o is a 
consequence of ([JPo]). The last part is now trivial. Q.E.D. 

4.6. Proposition. 1°. {Bi C Ni) are rigid embeddings for i = 1,2 if and only if {B\®B2 C 

Ni®N2) is a rigid embedding. 

2°. Let B G Nq C N . If B C Nq is a rigid embedding then B C N is a rigid embedding. 
Conversely, if we assume Nq G N is a \-Markov inclusion ([Po2]), i.e., N has an orthonor- 
mal basis {mj}j with Tirujm^ = for some constant A > (e.g., if N, Nq are factors and 
[N : A^o] < oCy) then B G N rigid embedding, implies B d Nq is a rigid embedding. 

3°. Let B G Bq G N . If Bq G N is a rigid embedding, then B G N is a rigid embedding. 
Conversely, if Bq has a finite orthonormal basis with respect to B and B G N is a rigid 
embedding, then Bq G N is a rigid embedding. 

Proof 1°. Assume first that {Bi G Ni) are rigid embeddings/ri, for i = 1, 2. Let £ > and 
Fl{e/2),5'i{e/2) be the critical sets and constants for Bi G Ni, as given by 4.1.1°, for £/2. 
Define F' = F[®l\Jl® F^, 5' = unn{5[, 5^}. 

Put A^ = Ni®N2,B = Bi®B2. Let H be a Hilbert A^-bimodule with a vector ^ e H 
which satisfies conditions 4.1.1° with respect to the trace ti ®T2, for F' , 6' . In particular, H. 
is a Hilbert Ni bimodule, for i = 1,2. Thus, if we denote by Pi the orthogonal projection of 
H onto the Hilbert subspace of all vectors in H that commute with Bi, then ||^ — Pi(0l|2 < 
£/2, i = 1,2, for any vector ^ eH that satisfies 4.1.1° for the above F', 5'. But pi and p2 are 
commuting projections and piP2 projects onto the Hilbert subspace of vectors commuting 
with both Bi and B2, i.e., onto the Hilbert subspace of vectors commuting with B. Since 
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<u-Pi{m + u-P2m<e, 

it follows that B <Z N satisfies 4.1.1°. 

Assume now that B C N satisfies 4.1.2° for some trace r. Since A^i ® A^2 is a dense 
*-subalgebra in N, by using Kaplanski's density theorem and the fact that in 4.1.2° we only 
have to deal with completely positive maps (f) satisfying r o (/> < r, (/)(1) < 1, it follows that 
we may assume the critical set F'{e) is contained in A^i (g) A^2 (by diminishing if necessary 
the corresponding S'{e)). 

Let F/ C Ni be finite subsets such that F' C spF{ ® There clearly exist S^ > such 
that if (pi are completely positive maps on A^^ with t o (pi < t, (f)i{l) < 1 and ||(/>i(a;i) — Xj||2 < 
S'^yx^ eF[,i = 1,2, thenc/) = (/)i(g)(/)2 satisfies \\(j){x)-x\\2 < 5',\/x G F' . Thus, ||(/)(6)-6||2 < 
£,V6 G S, ll&ll < 1. Taking h G S^, we get - h\\2 < e,V6 G S„ < l,z = 1,2. 

2°. The implication =^ follows by noticing that if (/> is a completely positive map on N 
such that (/)(1) < 1 and t ocj) <t then for x e Nq we have ||£'jVo(</'(3^)) — ^Ih < ||</'(2^) — 3:^||2 
while for b E B, \\b\\ < 1, we have 

Mb) - b\\l < ||£;ivo(0(6)) - b\\l + 2\\E:,,{cP{b)) - bh. 

Thus, if 4.1.2° is satisfied for B C Nq with critical set Fo{e) and constant 5o{e), then 4.1.2° 
holds true for S C A for the same set Fq but constant 5{s) = 6o{e)'^/3. 

To prove the opposite implication, let e = be the Jones projection corresponding to 
Nq C N and Ni = {N, e) the basic construction. Since Nq G N is A-Markov, there exists a 
unique trace r on Ni extending the trace t of N and such that Ep^ie) — Al. 

We may assume 1 belongs to the orthonormal basis {mj}j of N over Nq. Note that 
x = T,jmjE]s[{mj*x)yx G N. Any element X & Ni can be uniquely written in the form 
X = TiijmiXijem^ for some Xij G PiNgpj, where Pi = E]sf^{m*mi) G V{Nq). Also, if x & N 
then 

(4.6.2') X — {T,imiem*)x{'Ejmjem*) = TjijmiENQ{m*xmj)emj* 

For each completely positive map on Nq define on A^i by 
(4.6.2") 4){T,ijmiXijem*) = T,ijmi(j){xij)em* 

Note that if X = HijuiiXijem* > and r o < r then 

t{4){X) = T{4){T,ijmiXijem*)) = XEijT{mi(l){xij)m*) 
= XT,ijT{mi4){xij)m*) = XT,iT{(f){xii)pi) 

< XEiT{(j){Xii)) < X^iT{Xii) = t{X). 

Similarly, if (/)(1) < 1 then 0(1) < 1. 
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Let now £ > be given. Let F = F(A£^/3), 5 — 5{Xe'^/3) be the critical set and constant 
for B <Z N, corresponding to Let Fq = {EN^{m*xmj) \ Vi,j,Vx e F}. Formulas 

(4.6.2'), (4.6.2") above show that there exists 5o > such that if ||0(a^) — x\\2 < So,yx e Fq 
then \\(f){x) - x\\2 < 6,yx e F. 

We claim that Fq, Sq give the critical set and constant for B G Nq, corresponding to e. 
To see this, note first that by the proof of =^ above we get \\4>{b) — b\\2 < A^/^£, V6 e 
B, \\b\\ < 1. By (4.6.2") this gives 

X'/^m - bh = mm - b)e\\2 

<\\m-b\\2<X'/'e. 

3°. The first implication is trivial. The opposite implication is equally evident, if we 
take the critical set Fo(e) and constant 6o{e) for Bq G N to be defined as follows: We 
first choose di > with the property that if (/> is a completely positive map on with 
TO0 < T,(/)(l) < 1 and \\(p{b) -b\\2 < 5i,V6 e B,\\b\\ < 1 and \\(j){b^^) - b%2 < Si, then 
||0(6o) — bo\\2 < £, V6o e -Bo, \\bo\\ < 1 {{b^}j denotes here the orthonormal basis of Bq over 
B). We then define Fo{e) = F{6i) U {b°j}j and put 6o{e) = 6i. Q.E.D. 

4.7. Proposition. 1°. If B G N and {pn}n is an increasing sequence of projections in N , 
with pn ^ 1, which lye either in B or in B' fl N, and with the property that pnBpn G PnNpn 
are rigid embeddings, Vn, then B G N is a rigid embedding. In particular, if B is atomic 
then B G N is rigid. 

2°. If B G N is a rigid embedding and p G V{B) or p E V{B' fl N) then pBp G pNp is 
a rigid embedding. 

3°. Let B G N and p e V{B). Assume there exist partial isometrics {vn}n>o C N 

such that v*Vn G pBp, VnV* G S, v^Bv^ = VnV*BvnV^,\/n > 0,T,nVnV^ = 1 and B G 
{{vn}n DpBp)" . If pBp G pNp is a rigid embedding then B G N is a rigid embedding. 

Proof. 1°. Notice first that if (p is completely positive on N and t o (p < r, (f)(1) < 1 

then T{pn(j){PnXPn)Pn) < T {(j){pnXPn)) < T{pnXPr^) ,^1 X > 0, and Pn(piPn)Pn < Pn- Then 

we simply take the critical set and constant for i? C to be the critical set and constant 
for pnBpn G PnNpn, with Ti Sufficiently large, and apply the above to deduce that for 
satisfying the conditions for this set and constant, Pn4>{Pn 'Pn)Pn follows uniformly close to 
the identity on the unit ball of p^Bp^. 

The case when B is atomic is now trivial, by first applying 4.6.3° and then the first part 
of the proof. 

2°. The statement is clearly true in case p G Z{Af). Assume next that p G V{B). By 
part 1° above, we may suppose pBp has some non-atomic part. 

By noticing that there exist projections G Z{N) with z„ | 1 such that each is a 
sum of finitely many projections in Bzn which are majorized by pZn in B, by 1° above it is 
sufficient to prove the case when there exist partial isometrics vq — p,vi,V2, ...,Vn G B such 
that v*Vi < p^i, TjiViV* = 1. 
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Let then e > 0. Let F = Fierip)) and 5 = 5{eT{p)) be given by 4.1.2° for the inclusfon 
B G N. Let also Fq = {v*xvj \ I < i,j < n,x e F}. We show that Fq and So = S are 
good for pBp C pNp. Thus, let (phe a, completely positive map on pNp such that (plp) < p, 
Tp o (f) < Tp and \\(j){y) — y\\2 < ^o, G Fq. Define (j){x) = 'EijVi(f){v^xvj)Vj. Like in the 
proof of 4.6.1°, we get r o cp^x) < r(x), Vx G and (f)(1) < 1. 

An easy calculation shows that — a;||2 < 5 for a; G F. Thus, — 6||2 < eT{p),\/b G 
B, \\b\\ < 1. But this implies Uipbp) - pbp\\2 < e\\p\\2,Wb G B, \\b\\ < 1 as weU. 

If the projection p lies in B' f] N then by the last part of 4.6.3° the subalgebra Bq C N 
generated by B and {l,p} is rigid in N. But then we apply the first part to get pBp = pBop 
is rigid in pNp. 

3°. By 1° above, it is sufficient to prove the case when the set {vi}i is finite. Let 
£ > and Fp = F{e'),dp = S{e') be given by condition 4.1.2°, for pBp C pNp and e' = 
s{miniT{viV*) /2)'^ . Then define Fq = Fp\J {vi}o<i<n- If </> is a completely positive map on 
N such that ||(/>(a;) — x\\2 < So with So < SpT^pY^'^ ^x G Fq, then in particular we have 
\\ct){x) - x\\2,p < Sp^Mx G Fp. Thus, \\p(t){b)p-b\\2 < e{miiVi\\viV*\\2/2Y ,\/b G pBp, \\pbp\\ < 1. 
This easily gives ||(/>(6) — b\\2 < £ for all b in the von Neumann algebra Bo = "EijViBv* , 
generated by pBp and {fi}o<i<n, with < 1 (in fact, even for all b E Bo that satisfy 
\\v*bvj\\ < Thus, Bo C AT is rigid, so by 4.6.3°, B (Z N is rigid as weU. Q.E.D. 

5. More on rigid embeddings. 

In this Section we produce examples of rigid inclusions of algebras, by using results of 
Kazhdan ([Kaz]) and Valette ([Va]), which provide examples of property (T) inclusions of 
groups, and the result below, which establishes the link between the property (T) for an 
inclusion of groups and the property (T) (rigidity) for the inclusion of the corresponding 
group von Neumann algebras (as defined in (4.2)). 

5.1. Proposition. Let G G Go be an inclusion of discrete groups and u a scalar 2-cocycle 
for Go . Denote (B (Z N) = {Lj^{G) C L,^(Go)). Conditions (a) — (d) are equivalent. If in 
addition Ly{Go) is a factor then (a) — (e) are equivalent. 

(a). (Gq, G) is a property (T) pair, i.e., G <Z Gq checks the equivalent conditions (4.0.1), 
(4.0.1'), (4.0.1"). 

(6). B G N is a rigid embedding of algebras. 

(c) . For any e > there exist a finite set F' G N and S' > such that ifTiisa Hilbert 
N-bimodule with a unit vector^ G Ti. satisfying \\xi^ — ^Xi\\ < S',\/i then there exists a vector 
^0 G such that ||^o - ^|| < £ and b^o = ^o^, V6 G B. 

(d) . For any £ > there exist a finite set F G N and 5 > such that if (/> : N ^ N is a 
normal completely positive map with \\4>{x) — x\\2 < S, Mx G F , then ||0(6) — b\\2 < £, V& G B, 

(e) . Liy{G) G Li,{Gq) is So-rigid for some £o < 1. 

Proof. To prove (a) =^ (c), we prove (4.0.1') =4> (c). Let £ > and let E G Gq, 
5' > be given by (4.0.1'), for this e. Let Hhea Hilbert N bimodule with ^eH, U\\ = 1, 
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ll'i^/i^ ~ CiJ^hW ^ V/i e £". Taking n{g)r] — Ug-qu*, rj G 7i, g & Gq, gives a representation of 
Go on H, with ||7r(/j.)^ — ^|| = ||tt/iC ~ C'^ftll ^ <^'- Thus, there exists e H fixed by 7r{G) 
(equivalently, Ug$,o = $,oUg,\/g G G) and such that ||^o ^ ^|| ^ £• 

(6) =^ (a). We prove that 4.1.1° imphes (4.0.1')- Let £ > 0. By part 1° in Lemma 1.1.3 
and by Kaplanski's density theorem (which imphes that the unit baU of the group algebra 
CjyGo is dense in the unit baU of L^{Go) in the norm || II2), it follows that given any e there 
exist a finite set £^0 C Gq and 5o > 0,5o < e, such that if ?^ is a L^{Go) Hilbert bimodule with 
^ e H a unit vector which is left and right (5o-tracial and satisfies Hw/^^ — ^w^H < dQ,\/h e £^0? 
then there exists ^ G 7^ such that ||^i - ^|| < e/2 and b^i = 6^, V6 G L^{G), \\b\\ < 1. 

Let then (7ro,7io,Co) be a cyclic representation of Go such that ||7ro(/?')Co ~Co|| < So,\/h e 
Eq. Let {Hno-i^Tvo) be the pointed Hilbert Ljy{Go) bimodule, as defined in 1.4. We clearly 
have llw/i^TTo — Ctto'^/iII ~ IKo(^)Co ~ Coll ^ So,\/h e Eq, by the definitions. Thus, there exists 
Ci e Htt,) such that ||Ci — CttoII ^ ^/^ ^^d ^ commutes with Lj^{G). But this implies that 
for all 5f e G we have 

lko(fi')6 - Coll = IIWgCTTo - Ctto^II 

<IIK,(C.o-Ci)]|| + l|[%,Ci]||<2£/2 = e. 

Taking the element of minimal norm C2 in the weak closure of co{7ro(5^)Ci | 9 £ G}, it 
follows that C2 is fixed by tto and IIC2 ^ Coll ^ ^• 

The implications (c) =^ (6), (d) =4> (6), (6) =4^ (e) (the latter for factorial L,y(Go)) 
are trivial. 

To prove (a) =^ (rf), we prove (4.0.1') =^ (d). Let £ > and let E' C Go, 5' > be 
given by (4.0.1'), for e/2. Also, we take E' to contain the unit e of the group Gq. 

Let (/) be a completely positive map on L^iGo) such that \\(l){uh) — Uh\\2 < 5', V/t e 
where the norm || II2 is given by some trace r on LyiGo). Let F — {uh \ h e E'}. 

Let (7-^0,^0) be the pointed Hilbert A'"-bimodule defined out of as in 1.1.2. Let tt be 
the associated representation of Go on 7Y<^, as in the last part of 1.1.4. It follows that there 
exists Co e 1-Lct> such that 6C0 = Co&, V6 e Ly{G) and HC^ - Co|| < ^/2. Since 1 G F, part 2° 
of Lemma 1.1.2 shows that we may assume 0(1) < 1. By part 1° of Lemma 1.1.2 it then 
follows that for any u G U{B) we have 

\\^{u) - u\\l < 2 - 2ReT(0(M)M*) = |K<^ - C^wlP 

= ll«(C^ - Co) - (C^ - io)uf < 4||C^ - Cof < e\ 

(e) =^ (a). As in the proof of (6) =^ (a), by Kaplanski's density theorem it follows 
that there exists 5 > and E <Z Gq such that if (p is completely positive on = Lj,(Go), 
with (t){l) < 1,T o (f) <T and \\(j){uh) - Uh\\2 < 5, V/j. G E, then ||0(6) - b\\2 < Sq, for aU b in 
the unit baU of 5 = Ly{G). 

Let (ttq, Tie, Co) be a cyclic representation of Gq such that ||7rQ(/?.)Co — Coll < S,Wh E E. 
Define ^o on A^ by 0o(Egagtig) = Eg(7ro(fir)^o, Co)ag%- We clearly have 0Q(l),ro(/)o = r, 
||0o(w/i)-Wft|| < 5,V/i G £. Thus, ||(/>o(wg)-%||2 < £o,Vfif G G, yielding |(7ro(5')Co, Co) - 1| < 
£0 < 1,V^ G G. Taking the vector C of minimal norm in co{7ro((7) | (7 G G} C T^o? it follows 
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that ^ 7^ and 7ro(fi')(^) = ^,\/g & G. This shows that the pair {Gq, G) satisfies (4.0.1), i.e., 
it has the relative property (T). Q.E.D. 

For the first part of the next Corollary recall that any (normalized, unitary, multiplicative) 
scalar 2-cocycle v on 7? is given by a bicharacter, and it is uniquely determined by a relation 
of the form uv = avu between the generators u — (1, 0), v = (0, 1) of 7?, where a is some 
scalar with |a| = 1. We already considered such 2-cocycles in Corollary 3.3.2, where we 
pointed out that they are 5'L ( 2, Z) -invariant. Thus, if we denote by Lq,(Z^) the twisted 
group algebra Lj^(Z^), then the action a of SL{2,Z) on Z^ induces an action still denoted 
a of SL{2,Z) on Lq(Z^), preserving the canonical trace (cf. 3.3.2). We have: 

5.2. Corollary. 1°. The inclusion Z^ C x SL{2,Z) is rigid. Thus, given any a eT, 
La,{1?) C Lq,(Z^) XI SL{2,Z) is a rigid embedding of algebras. Moreover, if a is not a 
root of unity, then the "2- dimensional non- commutative torus" Lq,(Z^) is isomorphic to the 
hyperfinite IIi factor R, thus giving rigid embeddings R <Z R ><\cjSL{2, Z). If a is a primitive 
root of unity of order n, then 

{L^il?) C L^{I?) X SL{2,Z)) = {L{{nZf) C L{{nZf) x 5L(2, Z)) ® M„xn(C) 

~ (L(Z2) c L(Z2)x5L(2,Z))(8)M^xn(C) = iL°°{T^,X) c L°°(T2, A)x5L(2, Z))®M„xn(C). 

2°. If n > 2 and F„ C S'L(2, Z) has finite index, then the restriction to F„ of the 
canonical action of SL{2,Z) on — Z? (resp. on Lo,(Z^) ~ R, for a not a root of unity) 
is free, weakly mixing, measure preserving, with L°°(T^,/i) C L°°(T^, A) xi rigid (resp. 
i? C -R X F„ rigid). 

3°. For each n >2 and each arithmetic lattice Fq in SO{n, 1) (resp. in SU{n, 1)) there 
exist free weakly mixing measure preserving actions of Tq on A '2:i L°° (X, jj) such that the 
corresponding cross-product inclusions A C A x Fq are rigid. 

4°. Let (To be a properly outer, weakly mixing action of some group Vq on {Bq^tq) such 
that Bq C Bq Xcrp Fq be rigid (e.g., like in 1°, 2° or 3°). Let a\ be any action of Fq on 
some finite von Neumann algebra (i?i, Ti), which acts ergodically on the center of Bi. If we 
denote B = Bq®Bi and M = [Bq®Bi) Xcto®cti To? then M is a factor, Bq n M G B , and 
Bq d M is a rigid embedding. 

Proof. 1°. The rigidity of Z^ C x SL{2, Z) is a well known result in ([Kaz]; see also [Bu], 
[Sha] for more elegant proofs). The fact that Lq,{Z'^) ~ if a is not a root of unity and 
that La(Z2) ~ ^ Mnxn(C), with ^ = Z(La(Z2)) ~ L{{nZf), if a is a primitive root of 
order n, are folklore type results (see [Ri] and [HkS]). 

In the latter case, if p G 1 ® M^xn(C) C Lq,(Z^) is a projection of central trace 1/n then 
(7g{p) has central trace 1/n as well, so there exists Vg G W(Lq,(Z^)) such that Vgag{p)v* = p. 
Thus, since Vg commute with the center A, if we denote by a'g the action implemented by 
the restriction of Advg o ag to p{La{Z?))p — Ap ~ A ~ L((nZ)^), then a'g coincides with 
the restriction of to ^ ~ L((nZ)^). 
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Moreover, if Ug e Lq,(Z^) x S'L(2,Z) are the canonical unitaries implementing ag on 
Li/(Z^), then u'g = VgUgp implement the action a'g = a\A on A, but with an ^-valued 2- 
cocycle v' , i.e., c ^^(Z^) SL{2, Z))p ~ (A C A x^/,„/ ;SL(2, Z)). But by ([Hj]), 

A G (A >icr',v' SL{2, Z) is the amplification by 12 of an inclusion of the form Aq G Aq xi ¥2, 
for some free ergodic action of F2 on Aq. Since any action by the free group has trivial 
cocycle, Aq C Aq >i ¥2 is associated to the bare equivalence relation it induces on the 
probability space, with trivial cocycle. Thus, so does its 1/12 reduction (see 1.4), i.e., 
{Ac A x^, SL{2, Z)) = (L°°(T2, A) c L°°{T^, A) x^ SL{2, Z)). 

The rest of the statement follows from part (a) of Corollary 3.3.2°. 

2° follows from part 1° above. Proposition 4.6.2° and part (c) of Corollary 3.3.2°. 

3° follows by a recent result in ([Va]), showing that there exist actions 7 of such Fq on 
some appropriate Z^ which give rise to rigid embeddings Z^ C Z^ x Fq. It is easy to see 
that the actions 7 in ([Va]) can be taken to satisfy conditions (z), (ii) in Lemma 3.3.2. 

4°. By 3.3.3, since ctq is properly outer, it follows that ctq ® (7i is properly outer and 
BqD M — Z[Bq) ® Bi. Also, since uo is weakly mixing and a"i is ergodic, it follows that 
(To ® (T\ is ergodic and M is a factor. Q.E.D. 

5.3. Corollary. 1°. Let Tq he an arbitrary discrete, countable group. Denote by cri the 
Bernoulli shift action of Fq on {Ai, ri) — ^g^ro{L°°{T, X))g and let ao be an ergodic action 
o/Fq on an abelian von Neumann algebra (Aq, tq). If we denote A = AqI^Ai, ct = ctq ® cti 
then a is free ergodic and the inclusion A C A x^- Fq is not rigid. 

2°. L(Q2) = a C M = L(Q2) X SL{2,Q) is not a rigid inclusion but Aq = L{Z'^) C A 
satisfies Aq d M rigid and A'^Pi M = A. 

3°. // Fq is equal to SL{2,Z), or to for some n > 2, or to an arithemtic lattice 
in some SO{n, 1), SU{n,l), n > 2, then there exist three non orbit equivalent free ergodic 
measure preserving actions o"i,l < i < 3, 0/ Fq on the probability space {X,ii). Moreover, 
each ai can be taken such that A = L°°{X,fj,) contains a subalgebra A^ with C A x^-. Fq 
rigid and A'- (1 A >ia, Fq = A. 

Proof 1°. Write L°°(T, A) = UnA'^, with A"^ an increasing sequence of finite dimensional 
subalgebra and denote = ^g{A'')g C Ai. Then A^ t Ai and agiA^ = A^^Wg G Fq, Vn. 
Thus, if we denote by iV„ = (Ao®A^ U {ug}g)" then iV„ j iV = A x^ Fq. So if we assume 
A C N is rigid, then by 4.5 there exists n such that \\EN^{a) — a\\2 < 1/2, Va e ^, ||a|| < 1. 
But if a e 1 (8) ^1 then EN^{a) = E'^y (a). Or, since A" is finite dimensional and L°°{T, A) 
is diffuse, there exists a unitary element uq G L°°(T, A) such that Ea^{uo) = 0. Taking 
w = ... (g) 1 (g) Wo ® £ ^7 it follows that Ea^{u) = 0, so that 1 = \\Ea^{u) — u\\2 = 
\\-^Nn{u) — ^112 < 1/2, a contradiction. 

2°. For each n let Qn be the ring of rationals with the denominator having prime 
decomposition with only the first n prime numbers appearing. Then A D A^ = L(Q„) C 
L(Q„) X SL{2, Q„) = M„ C M and wc have Em,,oEa = Ea^^^u. If A C M would be rigid, 
then by 4.5 there exists n such that \\Em„{ci) ~o,\\2 < 1/2, Va G A, \\a\\ < 1. But any unitary 
element u E A — L(Q^) corresponding to a group element in Q \ Q„ satisfies Ea^{u) = 0, a 
contradiction. 
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3°. We take ai to be the action of Tq on ^ = L°°(X,/x) given by 5.2.1°-5.2.3°. 

We then take a2 to be the tensor product of cri with the BernouUi shift action of Fq on 

®,er„(L-(T,A)),. 

Finally, we take as to be the tensor product of ai with a free ergodic measure preserving 
action of Fq which is not strongly ergodic, as provided by the Connes- Weiss Theorem ( [C W] ; 
this is possible because Fq has the property H, so it does not have the property (T)). 

By part 1° we have {A C A y^^^Fo) {A G A x^^ To)- By results of Klaus Schmidt ([Sc]; 
see also [J2]) ai,a2 are strongly ergodic, while (73 is not. Thus, {A C A ><i^^To) (A C 
Ay^,^ Fo),i = 1,2. 

Since all these Cartan subalgebras have trivial 2-cocycle by construction, their non- 
isomorphism implies the non-equivalence of the corresponding orbit equivalence relations. 

The existence of "large" subalgebras Ai d A with A^ C A Xcr^ Fq rigid follows by con- 
struction and by 3.3.3. Q.E.D. 

5.4. Theorem. 1°. If N is a type IIi factor with the property B. (as defined in 2.0.2), then 
N contains no diffuse relatively rigid subalgebras B (Z N. 

2° . If N has the property H relative to a type I von Neumann algebra Bq (Z N then N 
contains no relatively rigid type IIi von Neumann subalgebras B (Z N. 

Proof. 1°. Let (f)n be completely positive maps on such that 4>n ^ idN , t o (j)^ < r and 
T<^„ e K,{L'^{N, t)). U B C N is a rigid inclusion then by 4.1.2° it follows that there exists n 
such that 4> = 4>n satisfies — w||2 < 1/2, \/u G IA{B). If in addition B has no atoms, then 
any maximal abelian subalgebra A of S is diffuse. Thus, such A contains unitary elements 
V with T(f™') = 0,Vm ^ 0. Since the sequence {v^}m C L'^{N,t) is weakly convergent to 
and is compact, it follows that llf/'li^"') II2 = \\T^{v'^)\\2 ^ 0. Thus, 

lim \\(j){v'^)-v'^\\2 = lim ||^;^||2 = 1, 

m— >oo m— >oo 

contradicting ||0(v^) - v'^y < 1/2, Vm. 

2°. Assume N does contain a relatively rigid type IIi von Neumann subalgebra B G N. 
Let (pn be completely positive Bq bimodular maps on such that (p^ — ^ idN, r o (p^ < r 
and G Jq{{N,Bq)). By the rigidity of i? C it follows that Sn = sup{||0„(it) — u\\2 \ 
ueU{B)} 0. Since 

\\u*T^^u{i) - iy = \\u*(l)n{u) - III2 = \\<Pn{u) - uh, 

by taking convex combinations and weak limits of elements of the form uTf^^u*, by Proposi- 
tion 1.3.2 it follows that there exists T„ G KT^^n{B'nJ{{N, B))) suchthat ||T^(i)-i||2 ^ 0. 
Thus, T„ 7^ for n large enough, so B'r\{N, Bq) contains non-zero projections of finite trace. 
By ([Chr]), this implies there exist non-zero projections p E B,q E Bq and a unital isomor- 
phism $ of pBp into qBoq. But qBoq is type I and pBp is not, a contradiction. Q.E.D. 



BETTI NUMBERS INVARIANTS 



51 



5.5. Corollary. 1°. If N has a diffuse relatively rigid subalgebra B G N then N cannot be 
embedded into a free group factor L(F^). In particular, the factors constructed in Corollary 

5.2 cannot be embedded into L{¥n)- 

2°. The factors Lq,(Z^) x 5'L(2,Z), constructed in 5.2.1° for a irrational, cannot be 
embedded into Lq,'(Z^) x SL{2,Z) for a' rational. 

Proof. Part 1° is a consequence of 5.4.1, while part 2° follows trivially from 5.4.2. Q.E.D. 

5.6. Remarks. 1°. In the case when N is a finite factor, a different notion of "relative 
property T" for inclusions B C N, was considered in ([A-De], [Pol]), as follows: 

(5.6.1) . N has property T relative to B (or B is co-rigid in N) if there exists a finite set 
Fi G N and £i > such that if (H,^) is a (S C N) Hilbert bimodule (recall that by 
definition this requires ^] = 0) such that \\x^ — ^x\\ < e, Vx e F, then there exists 
Co e ^, Co 0, with x^o = ^ox, yx e N. 

In the case S is a Cartan subalgebra A of a type IIi factor N = M, this definition is 
easily seen to be equivalent to Zimmer's property (T) ([Zi2]) for the countable, measurable, 
measure- preserving equivalence relation TZacm^ which it thus generalizes to the case of 
arbitrary inclusions of von Neumann algebras (cf. Section 4.8 in [Pol]). Thus, in this re- 
formulation, a standard equivalence relation TZ satisfies Zimmer's relative property (T) iff 
the Cartan subalgebra A C M, constructed as in ([FM]) out of TZ and the trivial 2-cocycle 
w = 1, is co-rigid in the sense of ([Pol], [A-De]). We will in fact call such equivalence 
relations TZ co-rigid. 

2°. It is easy to see that in case {B C A^) — {B G B Fq), for some cocycle action a of 
a group Fo on {B,t) then N has the property (T) relative to B (i.e., B is co-rigid in N) if 
and only if Fq has the property (T) of Kazhdan (cf. [A-De] , [Pol] ; also [Zi] for the Cartan 
subalgebra case). In particular, if H G Gq is a normal subgroup of Gq then L{Gq) has the 
property (T) relative to L{H) if and only if the quotient group Gq/H has the property (T). 
In fact, it is easy to see that if H G Gq is an inclusion of discrete groups then L{Gq) has 
property (T) relative to L{H) iff the following holds true: 

(5.6.2) . There exist a finite set E G Gq and £ > such that if tt is a unitary representation 
of Go on a Hilbert space Ti. with a unit vector ^ E H such that 7r(/i)C — ^,yh E H and 
IK(^)C~C|| < Vfir £ then H contains a non-zero vector Co such that 7r(^)Co = Co) ^9 ^ Gq. 

A sufficient condition for an inclusion of groups H G Gq to satisfy 5.6.2° is when Gq has 
finite length over H, i.e., when the following holds true: 

(5.6.2'). There exists n > 1 and a finite set E G Gq such that any element g E Gq can be 
written as gr = hifih2f2---hnfn, for some fi e E, hj e H. 

Indeed, because then 7r(/i)C = ^,\/h E H and C almost fixed by 7r(/), f E E, implies that 
C is almost fixed by 7r((7), uniformly for all g E Gq. This, of course, shows that 7i has a 
non-zero vector fixed by 7r(Go). (N.B. Finite length was exploited in relation to rigidity in 
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[Sha]). 

An example of inclusion of groups H C Gq satisfying (5.6.2') is obtained by taking Go to 
be the group of all affine transformations of Q and H to be the subgroup of all homotheties 
of Q. Indeed, because if we take E to be the single element set consisting of the translation 
by 1 on Q, then we clearly have Gq = HEH. Thus, L{Gq), which is isomorphic to the 
hyperfinite type IIi factor i?, has the property (T) relative to L{H), which is a singular 
maximal abelian subalgebra in L{Gq) (cf. [D]). 

5.7. Proposition. Let N he a type IIi factor and B d N a von Neumann subalgebra. 

1°. // {N,B) is finite then N has both the property (T) relative to B (in the sense of 
(5.6.1) J and the property H relative to B. 

2°. // has both property (T) and H relative to B then there exists a non-zero q £ 
V{B' n N) such that qNq is a finitely generated Bq-module. Thus, if in addition B is a 
subfactor with B' n N — C then [N : B] < oo and if B is a maximal abelian von Neumann 
subalgebra in N then dimiV < oo. 

Proof. 1°. If (A, B) is finite, then there exists a sequence of projections Pn G Z{B),pn t 1, 
such that PnNpn has finite orthonormal basis over Bp^. By 2.3.4°, this implies PnNpn has 
the property H relative to Bpn and by 4.6.3°, Bpn C pnNpn follows rigid. By 2.4.2° this 
implies N has the property H relative to B and by 4.7.1°, B G N is rigid. 

2°. Note first that if there exist no g G V{B' fl A) such that qNq is a finitely generated 
Sg-module, then A' n (A, B) contains no finite projections of (A, B). 

On the other hand, if A has the property H relative to B then by 2.2.1° there exist unital 
completely positive, 5-bimodular maps on A such that to0^ < t, </>n(l) < 1, (f^n idN 
and T<^^ e Jb((A, 5)). If in addition A has the property (T) relative to B, then 3n such 
that ||0n(w) - u\\2 < 1/4, Vm e U{N). By 1.3.3, 3 a spectral projection p e B' n Jo{{N, B)) 
of T^„T^„ such that ||T^„(1 - p)\\ < 1/4. If we now assume A' n (A, S) has no finite 
projections, then there exists a unitary element u e U{N) such that Tr{pueBU*) < 1/4. 
But Tr{pueBU*) = ||p(w)||l (see the proof of 6.2 in the next Section). Altogether, since 
\\p{u)h > \\T4>Au)h - \\T<t>M'^ - p){u))h > 1/2, it follows that 1/4 > Tr{pueBU*) > 1/4, 
a contradiction. The last part of 2° follows trivially from ([PiPo]). Q.E.D. 

5.8. Remarks. 1°. Both the notion 4.2 considered here and the notion considered in 
([A-De], [Pol]) are in some sense "relative property (T)" notions for an inclusion B G N, 
but while the notion in ([A-De], [Pol]) means "A has the property (T) relative to S", thus 
being a "co"-type property (T,) the notion considered in this paper is a "property (T) of 
B relative to its embedding into A" . The two notions are complementary one to the other, 
and together they imply (and are implied by) the property (T) of the global factor (see 
Proposition 5.9 below). 

2°. An interesting relation between these two complementary notions of property (T) is 
the following: If a group Fq acts on (S, r) such that i?cA = i?xroisa rigid embedding, 
then A has the property (T) relative to its group von Neumann subalgebra L{ro) (i.e., 
L{To) is co-rigid in A). Indeed, because if (7i, is a (i^(ro) C A)-Hilbert bimodule with 
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^ almost commuting with all u e U{B), uniformly, then ^ almost commutes with the group 
of elements Q = {uug \ u e U{B),g e Fq}, thus ^ is close to a vector commuting with all 
V E Q, thus with all x E N. For instance, the factor L(Z^ x SL{2, Z)) has the property T 
relative to its subalgebra L{SL{2,Z)) (in the sense of definition (5.6.1)). 

5.9. Proposition. Let N be a type IIi factor and B <Z N a von Neumann subalgebra. The 

following conditions are equivalent: 

1°. has the property T in the sense of Connes and Jones (i.e., of the equivalent 
conditions (4.0.2), (4.0.2');. 

2°. The identity embedding N <Z N is rigid, i.e., for any e > there exists a finite subset 
xi,X2, ■■■,Xn G and S > such that ifTiisa Hilbert N-bimodule with a unit vector ^ ET~t 
satisfying ''"II — WiC^C') ~ t\\ ^ <^'^d \\xi$, — $,Xi\\ < S,yi, then there exists a 

vector ^0 Eli. such that \\^ — io\\ < £ and x^q = ^qx^Wx E N. 

3°. B G N is a rigid embedding (in the sense of definition 4.2) and N has the property 
T relative to B (in the sense of (5.6.1)). 

Proof. 1° =4> 3° and 1° =^ 2° are trivial, by the characterization (4.0.2') of the property 
(T) for N. 

To prove 3° 1° let Fi C N and £i give the critical set and constant for the property 
(T) of N relative to B and F' G N, 5' > be the critical set and constant for the rigidity of 
B G corresponding to £i/4. Let F = F' U Fi and let 7i be a Hilbert bimodule with 
a unit vector ^ which is left and right 5'-tracial and satisfies \\y^ — CvW ^ ^'i^V ^ F. By 
the rigidity of S C AT it follows that there exists E H such that b^o = ^ob, Mb E B and 
liCo — CI! ^ Thus, if we assume £i < 1/4 from the beginning and denote = Co/jjCojj) 

then 11^1 II = 1, b^x = V6 E B, and ||y^i — ^iy\\ < ei,\/y E F, in particular for all y E Fi. 
Thus, by the property (T) of A^ relative to B, Ti has a non-zero A'^-central vector. 

2° =^ 1°. By part 1° of Theorem 4.3, N follows non-F. Thus, by Lemma 2.9 it is 
sufficient to check that any Hilbert N bimodule with a vector that's almost left- right tracial 
and almost central has a non-zero central vector for N. But this does hold true by the fact 
that N checks condition 2°. Q.E.D. 

5.10. Remark. When applied to the case of Cartan subalgebras coming from standard 
equivalence relations with trivial 2-cocycle, the definition of rigid embeddings 4.2 gives the 
following new property for equivalence relations: 

5.10.1. Definition. A countable, ergodic, measure preserving equivalence relation TZ has the 
relative property (T) if its associated Cartan subalgebra A G M, constructed out of TZ and 
the trivial 2-cocycle v = 1 as in ([FM]), is a rigid embedding (definition 4.2). 

Since the rigidity for Cartan subalgebras is an invariant for the isomorphism class of 
A G M, this relative property (T) is an orbit equivalence invariant for equivalence relations 
TZ. Also, when applied to the particular case of Cartan subalgebras with trivial 2-cocycle, all 
the results on rigid embeddings of algebras in Sections 4 and 5 translate into corresponding 
results about standard equivalence relations TZ. For instance, by 4.6, 4.7, if TZ has the 
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relative property (T) then TZ^ has the relative property (T), \/t > 0, and if TZi,TZ2 have 
the relative property (T) then so does TZi xTZ2- Also, if TZ has relative property (T) then 

Out (7?.) =^ Aut(7?.)/Int(7?.) is discrete (cf. 4.4) and if we further have TZ = DnTZn for some 
increasing sequence of ergodic sub-equivalence relations, then TZn have the relative property 
(T) for all large enough n. 

We have proved that equivalence relations implemented by Bernoulli shift actions of a 
group To cannot have the relative property (T), no matter the group Fq (cf. 5.3). Thus, 
equivalence relations coming from actions of the same group Tq may or may not have the 
relative property (T), depending on the action. While by ([Zi]; see also [A-De], [Pol]), 
A Xcr Tq has the property (T) relative to A, in the sense of definition (5.6.1) if and only 
if To has Kazhdan's property (T), thus being a property entirely depending on the group. 
Even more: since by ([Pol]) if ^ C M is a Cartan subalgebra in a IIi factor and p e V{A) 
then pMp has property (T) relative to Ap if and only if M has property (T) relative to 
A, it follows that the property (T) for groups is invariant to stable orbit equivalence, or 
equivalently, it is a ME invariant (see [Fu] for an "ergodic theory" proof of this fact). 

Proposition 5.9 shows that when the relative property (T) (5.10.1) for TZ is combined with 
the co-rigidity property (5.6.1) for TZ they imply, and are implied by, the "full" property T 
ofTZ, which by definition requires that the finite factor M = M{TZ) has the property (T) in 
the sense (4.0.2), of Connes- Jones. It is thus of great interest to answer the following: 

5.10.2. Problem. Characterize the countable discrete groups Tq that can act rigidly on 

the probability space, i.e., for which there exist free ergodic measure preserving actions cr 
on (X, |U) such that L°°{X, n) C L°°(X, |U) x^- Pq is a rigid embedding. Do all property (T) 
groups Pq admit such rigid actions (i.e., in view of the above, actions cr with the property 
that the IIi factor L°^{X, n) xi^ Pq has the property (T) in the sense of (4.0.2)) ? 

6. HT SUB ALGEBRAS AND THE CLASS TiT . 

6.1. Definition. Let A?" be a finite von Neumann algebra with a normal faithful tracial state 
and B C N a von Neumann subalgebra. S is a HT subalgebra of A" (or S C A" is a HT 
inclusion) if the following two conditions are met: 

(6.1.1) . A has the property H relative to B (as defined in Section 2). 

(6.1.2) . There exists a von Neumann subalgebra Bq C B such that BqDN C B and Bq C N 
is a rigid (or property (T)) embedding. 

Also, -B is a HT^ subalgebra of A if conditions (6.1.1) and (6.1.2) hold true with Bq — B, 
i.e., if A has the property H relative to B and 5 C A is itself a rigid embedding. 

If A C M is a Cartan subalgebra of a finite factor M and A <Z M satisfies the conditions 
(6.1.1) and (6.1.2), then we call it a HT Cartan subalgebra. Similarly, if a Cartan subalgebra 
A d M satisfies (6.1.1) and is a rigid embedding then it is called a HT^ Cartan subalgebra. 

Note that condition (6.1.2) implies that B'nN C B and (6.1.1) implies B is quasi-regular 
in N (cf.3.4). In particular, by Proposition 3.4, for ^ C M a maximal abelian *-subalgebra 



BETTI NUMBERS INVARIANTS 



55 



of type III factor M, the condition that A is an HT (resp. HT^) subalgebra of M is sufficient 
to insure that A is an HT (resp. HT^) Cartan subalgebra of M. 

6.2. Theorem. Let M be a type IIi factor with two abelian von Neumann subalgebras 
A, Aq such that A, Aq n M are maximal abelian in M. Assume that M has property H 

relative to A and that Aq G M is a rigid inclusion. Then both A and Aq n M are HT 
Cartan subalgebras of M and there exists a unitary element u in M such that uAqu* C A, 
and thus u{Aq n M)u* — A. In particular, if Ai,A2 are HT Cartan subalgebras of a type 
111 factor M then there exists a unitary element u e U{M) such that uAiu* = A2. 

Proof. We first prove that there exists a non-zero partial isometry v & M such that v*v & 
Aq n M, vv* e A and vAqv* C Aw*. If we assume by contradiction that this is not the 
case, then Theorem A.l implies e ^^^(^^^^(e^) C {M,A). This in turn implies that given 
any finite projection / e (M, A), with Tr{f) < 00, and any e > 0, there exists a unitary 
element u G V({Aq) such that Tr{fueAU*) < e. Indeed, because if for some cq > we would 
have Tr{fueAU*) > co.Wu e U{Aq), then by taking appropriate convex combinations and 
weak limits, we would get that = Tr(/0) > cq > 0, a contradiction. 

By the property H of M relative to A, there exist completely positive, unital, ^-bimodular 
maps (pn ■ M ^ M which tend strongly to the identity and satisfy ^nll) < 1,''" o 0n < t, 
T^^eM{M,A)). 

Let < £0 < 1- By the rigidity of the embedding Aq G M, there exists n large enough 
such that 4> = (pn satisfies 

(6.2.1) \\(l>iv)-v\\2<So,yveUiAo) 

On the other hand, since T<^ G j7o((M, A)), it follows that there exists a finite projection 
/ e Jo{{M, A)) such that Tr(/) < 00 and 

(6.2.2) ||T^(l-/)||<(l-eo)/2 
Let then u G l{{Ao) satisfy the condition 

(6.2.3) TrifucAU*) < {l-eof/4 

Let {mj}j C L'^{M,t) be such that HjUijeAmj = f. Equivalently, ®jL^{mjA) = 
fL'^{M,T). Thus, if a; G iV = TV C L'^{M,r) then f{x) = T.jmjEA{m*x) and \\f{x)\\l = 
Tij WmjEAijn^x) \\2- 

It follows that we have: 

TrifucAU*) = Tr{fueAU* f) 
= Tr{{T,jmjeAmj)ueAU*{T,imieAm*)) 
= T,ijT{mjEA{mjU)EA{u*mi)m*) = !!/(«) II2 
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By (6.2.3) this implies 



(6.2.4) 



||/(^)||2<(l-£o)/2 



Thus, by taking into account that ||T<^|| < 1, (6.2.2) and (6.2.4) entail: 



T4u)h<\\mi-f)m\2 + \\mh 



<(l-£o)/2 + ||/(ti)||2<l-eo. 



But by (6.2.1), this implies: 



Uh < \\T^{U)\\2+\\(I>{U)-U\\2 



< 1 - £o +£o = 1- 



Thus 1 = t{uu*) < 1, a contradiction. 

Let now (V, <) denote the set of partial isometrics v e M with v*v e AqD M, vv* e A 
and vAqv* C Aw*, endowed with the order < given by restriction, i.e., v < v' ii v = vv*v'. 
(V, <) is clearly inductively ordered. Let vq E V he a maximal element. Assume vq is not a 
unitary element. 

By 2.4.1°, (l-^;o^^o)^(l-'^o'i^S) has the property H relative to A{l-vov^) and by 4.7.2° 
the inclusion Ao{l — VqVq) C (1 — VqVo)M{1 — VqVq) is rigid. Let G M be a unitary 
element extending vq and denote M° = (1 — voVq)M{1 — vqVq), Aq = uo{Ao{l — VqVo))uq, 
A° = A(l - vqVq). Thus, M° has the property H relative to A^ and A*^ C Mq is rigid. 
By the first part it follows that there exists a non-zero partial isometry v G such that 
v*v e (A[j)' n M, vv* G A° and vA'^v* C A^vv*. But then v' = vq + vuq eV, v' > vq and 
v' ^ Vq, contradicting the maximality of vq. 

We conclude that vq is a unitary element, so that AjAqHM are conjugate in M. The 
last part follows now by Proposition 3.4. Q.E.D. 

6.3. Remarks. 1°. If in the last part of Theorem 6.2 we restrict ourselves to the case 
Ai, A2 are HT^ Cartan subalgebras of the type IIi factor M, then we can give the following 
alternative proof of the statement, by using part (ii) of Proposition 1.4.3 "in lieu" of Theorem 
A.l and an argument similar to the proof of 5.4.2°: By the property H of M relative to Ai 
there exists completely positive Ai bimodular trace preserving unital maps (pn on M such 
that 0„ — > idM and T^^ G J'o{{N, Aq)). By the rigidity of C M it follows that Sn = 
sup{||0„(tt) — tt||2 I u G U{A2)} — > 0. Fix X E M and note that by Corollary 1.1.2 we have 



< \\(pn{ux) -U(j)n{x)\\2 + \\(pnix) - x\\2 < 2£^/^ + \\(pn{x) - x\\2. 

Thus, by taking weak limits of appropriate convex combinations of elements of the form 
u*T^^u with u G A2, and using Proposition 1.3.2 it follows that T„ = £A'^r\{M,Ai}{T4,^) G 



\\(f)n{ux) - UX\\2 
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Kt^ n {A' n Jo((iV, A))) satisfy lim ||T„(£) - x\\2 = 0. But x e M was arbitrary. This 

shows that the right supports of span all the identity of (M, Ai). Since are compact, 
this shows that A2 fl {M,Ai), is generated by finite projections of (M, ^1). Thus, A2 is 
discrete over Ai. Similarly, Ai is discrete over A2 and ^1 follows conjugate to A2 by a 
result in ([PoSh]; see part (ii) of Proposition 1.4.3). 

2°. The above argument uses the fact that two Cartan subalgebras Ai, A2 in M are 
unitary equivalent in M if and only if the Ai — A2 Hilbert bimodule L'^{M, r) is a direct 
sum of Hilbert bimodules that are finite dimensional both as left Ai modules and as right 
A2 modules. The proof of Theorem 6.2 uses instead Theorem A.l, which shows that in 
order for an abelian von Neumann algebra C M to be unitary conjugate to a subalgebra 
of a semi-regular maximal abelian *-subalgebra A of M it is sufficient that Aq n M be semi- 
regular abelian and that AoL'^{M^ t)a contains a non-zero Aq — A Hilbert bimodule which 
is finite dimensional as a right ^-module (a much weaker requirement). 

3°. Note that by 3.4 and 4.3.2°, A C M is HT^ Cartan iff ^ C M is maximal abelian, 
M has property H relative to A and A C M is £o-rigid for some Eq < 1/3. 

4°. Note that the proof of Theorem 6.2 shows in fact that if A, Aq are abelian von 
Neumann subalgebras of a finite factor M such that A is maximal abelian, M has property 
H relative to A, A'qH M is semi-regular abelian and C M is £o-rigid, for some Sq < 1, 
then there exists u e U{M) such that u{A'q fl M)u* — A. In particular, if one calls HT^^ the 
Cartan subalgebras A <Z M with the properties that M has property H relative to A and 
there exists Aq C A with Aq H M = A, Aq C M eo-rigid, for some £0 < 1; then any two 
HTyj Cartan subalgebras of a IIi factor are unitary conjugate. 

6.4- Notation. We denote by TiT the class of finite separable (in norm || II2) factors with 
HT Cartan subalgebras and by T^T the class of finite separable factors with HT^ Cartan 
subalgebras. Note that TiT C HT and that Theorem 6.2 shows the uniqueness up to 
unitary conjugacy of HT Cartan subalgebras in factors M e HT. 

6.5. Corollary. If Ai C Mj,i = 1, 2, are HT Cartan subalgebras and 9 is an isomorphism 
from Ml onto M2 then there exists a unitary element u e M2 such that u9{Ai)u* = A2. 
Thus, there exists a unique (up to isomorphism) standard equivalence relation TZj^ on the 
standard probability space, implemented by the normalizer of the HT Cartan subalgebra of 
M. 

The next result shows that HT is closed to amplifications and tensor products and that 
it has good "continuity" properties. The proof of part 3° below, like the proof of 4.5.2°, 
uses A. 2 and is inspired by the proofs of (4.5.1, 4.5.6 in [Pol]). 

6.6. Theorem. 1°. If M e HT (resp. M e HT) and t > then M* e HT (resp. 

M* G HTJ. 

2°. //Mi,M2 G HT (resp. Mi,M2 G HTJ then M{®M2 G HT (resp. Mi®M2 eHT). 
3°. If M e HT then there exist a finite set F G M and 6 > such that if N G M 
is a subf actor with F <Zs N then N G HT^ . In particular, if C M are subfactors 
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with Nj^ I M, then there exists ko such that G HT^,\/k > Uq. If in addition we have 
N'j^ n M = C, then all the N^, k > ko, contain the same HT^ Cartan subalgebra of M. 

Proof. 1°. Let A C M be an HT Cartan subalgebra and Aq C Ahe so that C M is a 
rigid embedding and Aq f] M = A. Choose some integer n > t. By 2.3.2° it foUows that 
if D denotes the diagonal of Mq = M„xn(C) then A (g) D G Mn{M) has the property H. 
Also, {Ao®D)'nM®Mnxn{'C) = A®D and by 4.4.1°, Aq®D d M®Mnxn{^) is a rigid 
embedding. 

If we now take p & Aq ® D to he 3. projection of trace r(p) = t/n, then by 2.4.1° and 
4.5.2°, it follows that A^ = {Ao®D)p c M* = pM^xniQp is rigid and M* has the property 
H relative to A\ Thus, M* e HT. In case Aq = A, then we get A\, = A\ so that M* 
follows in TiT . 

2°. This foUows trivially by applying 2.3.2° and 4.4.1°, once we notice that if Ai C Mi 
are maximal abelian *-subalgebras and Aq C Ai satisfy (A* )' n Mi — Ai, then {Aq^Aq)' n 
M{®M2 = Ai®A2. 

3°. Let A C M be a fixed HT^ Cartan subalgebra of M. By 4.5. 2o, it follows that there 
exist a finite subset F in the unit ball of M and £ > such that if a subfactor Nq C M 
satisfies -F Cg A'^o and Nq fl M = C then Nq contains a unitary conjugate Aq = uAu* of A 
with Aq C A^o rigid and Cartan. Moreover, A'o has property H relative to Aq by 2.3.3° (since 
M has property H relative to ^o)- Thus, Aq C A'o is HT^ Cartan, proving the statement in 
the case of subfactors with trivial relative commutant. 

To prove the general case, note first that by Step 1 in the proof of A. 2, for the above 
given £ > there exists 5q > 0, with 6q < e/4, such that if A^ C M is a subfactor with 
A (Zso N then there exist projections p E A, q E N, a unital isomorphism 6 : Ap qNq and 
a partial isonietry v E M such that r(p) > 1 — e/4, v*v — p, vv* — qq', for some projection 
q' e 6(Apy n qMq, and va = 6{a)v, Vo e Ap. 

Since Ap is maximal abelian in pMp, by spatiality it follows that 6{Ap)q' is maximal 
abelian in q'qMq'q. Thus, if x G 9{Ap)' fl qMq then q'xq' G 9{Ap)q' ~ 9{Ap). Thus, there 
exists a unique normal conditional expectation E of 9{Apy n qMq onto 9{Ap) satisfying 
q'xq' = E{x)q',Wx G 9{Apy fl qMq. 

Let q'Q E N' (1 M he the support projection of EN>riM{q')- Thus, gg ^ q' if 6 G 
q'oiN' n M)q'Q is so that q'b = then 6 = 0. Since E is implemented by q', E follows faithful 
on q'oiN' fl M)q'Qq, implying that if 6 G q'oiN' n M)q'Qq and a E 9{Ap) are positive elements 
with E{b)a = then ba = 0. But if 6a = then = ENiba) = ENib)a = {T{b)/T{q))a 
(because 6 commutes with the factor qNq). This shows that E{b) E 9{Ap) must have 
support equal to q for any 6 G q'oiN' fl M)q'Qq, with 6 > 0, 6 7^ 0. Thus, if / is a non-zero 
projection in q'Q{N' fl M)q'Qq then q' fq' = E{f)q' has supposrt q'. This implies that any 
projection / 7^ in q'oiN' fl M)q'Qq must have trace t(/) > T{q') > 1 — e/4, showing that 
N' n M has an atom q'l of trace T{q'i) > 1 — e/4. 

An easy calculation shows that if we denote by A^ C M a unital subfactor with q'l E N 
and q'lNq'i — Nq'i (N.B.: N is obtained by amplifying A'g^ by l/r(gi)), then F Cg N. Also, 
iV' n M = C by construction. Thus, by the first part of the proof, N E HTg. Since N is 
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isomorphic to a reduction of TV by a projection, by part 1° it follows that N e Ti% as well. 
Q.E.D. 

6.7. Corollary. 1°. If A <Z M is a HT Cartan subalgebra then any automorphism of M 
can be perturbed by an inner automorphism to an automorphism that leaves A invariant, 
i.e., 

AutM/IntM = Aut(M, A) /Int(M, A). 

2°. Let M e HT with A C M its HT^ Cartan subalgebra. Denote by Qht{M) the sub- 
group o/Aut(M) generated by the inner automorphisms and by the automorphisms leaving 
all elements of A fixed. Then Q^^{M) is an open-closed normal subgroup o/ Aut(M), the 

quotient group Out^y(M) =^ Aut(M)/^^y (M) is countable and is naturally isomorphic to 

HT HT dcf HT HT 

the group of outer automorphisms ofTZj^ , Out(7^^ ) = Aut(7^j\^ )/Int(7^^ ). 

Proof. 1°. If 6* eAut(M) then 9{A) is HT Cartan, so by Theorem 6.2 there exists a unitary 
element u e M such that u9{A)u* = A. 

2°. This is trivial by 4.4. Q.E.D. 

6.8. Corollary. If M G HfT then any central sequence of M is contained in the HT 
Cartan subalgebra of M . Thus, M' fl is always abelian and M is non—V if and only if 
the equivalence relation IZj^ is strongly ergodic. In particular, M 9^ M<S)R. 

Proof If ^ C M is the HT Cartan subalgebra of M and ^0 C ^ is so that ^0 C M is rigid 
and A'qDM = A then by 4.3.1° we have M' D M"" = M' D {A'q n M)'^ = M' D A"". Q.E.D. 

6.9. Examples. We now give a list of examples of HT inclusions of the form S C -B x^. Fq 
and of factors in the class HT of the form L°°{X, ^) x Fq, based on the examples in 5.2, 
5.3.2°, 5.3.3°. Note that if 5 C -B To is an HT inclusion then Fq must have the property 
H (cf. 3.1), but that in Section 5 we were able to provide examples of inclusions B C S x^rFo 
satisfying the rigidity condition (6.1.2) only for certain property H groups Fq and for certain 
actions of such groups (see Problem 6.12 below). Note also that by Theorem 6.2 if M = 
L°°{X, n) Xcr Fq belongs to the class TCT and Fq is a property H group then A = L°°{X, ji) 
is automatically the (unique) HT Cartan subalgebra of M, i.e., A <Z M must satisfy the 
rigidity condition (6.1.2) as well. 

6.9.1. Let Fq = 5'L(2,Z), Bq = Lq,(Z^), for some a G T C C, and (Tq be the action of the 

group SL{2,Z) on Bq induced by its action on Z^. Then Bq C Mq, =^ Bq Xo-,, 5'L(2,Z) is 
a HT^ inclusion with Mq, a type IIi factor. In case a is not a root of 1, this gives HT^ 
inclusions R = Bq <Z Ma and when a is a n'th primitive root of 1, this gives HT^ inclusions 
Bq C Mq,, with So homogeneous of type In and diffuse center. Indeed, in all these examples 
the property (6.1.1) is satisfied by 3.2, and property (6.1.2) is satisfied by 5.1. Moreover, 
by the isomorphism in 5.2.1°, if a is a root of 1 then G 'HT and any maximal abelian 
subalgebra of Bq = Lct{Ij'^) is Cartan in Mq,. 

6.9. r. If we take the inclusion A = L{Z'^) C L{Z'^) x SL{2,Z) = M from the previous 
example, which we regard as the group measure space construction L°°(T^, A) C L°°(T^, A) x 
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SL{2, Z), through the usual identification of with the dual of and of L°°{T^, A) with 
L(Z^), and we "cut it in half" with a projection p e A of trace 1/2, then we obtain the 
inclusion {Ap C pMp) ~ (L°°(§^A) C L°°(§^A) x P5L(2,Z)), where jg the 2-sphere. 
Thus, by 6.9.1 and Theorem 6.6, it follows that L°°(§2, A) x PSL{2,Z) e HT^. 

6.9.2. If C SL{2, Z) is an embedding with finite index and (Tq is the restriction to F„ of 
the action (Jq on Bq — Lq,(Z^) considered in 1°, then Bq C Bq x^-q is a HT^ inclusion, 
which in case a = 1 is a HT^ Cartan subalgebra. Also, if p G L{1?) has trace (12(n — 1))~^ 
then the inclusion {L{Z'^)p C p{L{Z'^ x 5L(2,Z))p) is a HT^ Cartan subalgebra of the form 
(A C A X F^). In all these cases, again, property (6.1.1) is satisfied by 3.2, and property 
(6.1.2) is satisfied by 5.2.2°. 

6.9.3. If To is an arithmetic lattice in SU{n, 1), SO{n, 1), n > 2, then there exist free weakly 
mixing trace preseving actions (Jq of Fq on vl = L°°{X, jj) such that A d M = A yi^^V^ is 
HT^ Cartan (all this cf. 3.2 and 5.2.3°). 

6.9.4. If To = ^L(2,Q), A = L(Q2) and M = L(Q2 ^L(2,Q)) = A x ^L(2,Q), then 
^ C M is HT Cartan but not HT^ Cartan (cf. 3.2 and 5.3.2°). 

6.9.5. Let To, (Tq, (So,t) be as in 6.9.1, 6.9.2 or 6.9.3. Let n > 1 and B = B®"", a = cr®". 
Then S C S x^ To is an HT^ inclusion (cf. 3.2, 3.3.3 and 5.2). Moreover, if Bq = Aq is 
abehan, then Af'^ = Ac A>i^To is HT^ Cartan. 

6.9.6. Let Fq, ctq, [Bq, t) be any of the actions considered above. Let ai be an ergodic action 
of Fq on a von Neumann algebra Bi ~ L°^{X,n). If B = Bq®Bi and M = B y^an^oi To? 
then S C M is a HT inclusion (cf. 3.2 and 5.2.4°). In particular, if Sq = Aq, -Bi = Ai are 
abelian and A = ^o^^i) then A C M is a HT Cartan subalgebra. If cri is taken to be a 
Bernoulli shift, then ^ C M is not HT^ Cartan. For any such group Fq the action ai can be 
taken non-strongly ergodic by ([CW]). In this case, the resulting factor M has the property 
F of Murray and von Neumann, with M' fl M'^ = M' fl A^ abelian. Note that for each of 
the groups Fq this gives three distinct HT Cartan subalgebras of the form A C A x Fq (cf. 
5.3.3°). 

6.9.7. Let Fq, (To, {Bq, t) be any of the actions considered above (so that Bq C -Bq x<to To is 
an HT inclusion). Let also Fi be a property H group and 7 an action of Fi on Fq such that 
F = Fq x-y Fl has the property H (for instance, if Fi is amenable or if 7 is the trivial action, 
giving F = Fq x Fi). Let a denote the action ctq x cri on S = ®ggri (-Bq, to)c, constructed 
in 3.3.3. Then i? C S Xcr F is an HT inclusion, which follows an HT Cartan subalgebra in 
case Bq is abelian (cf. 3.1, 3.3.3, and the definitions). 

6.10. Corollary. 1°. If M is a McDujf factor, i.e., M ~ M^R, then M ^ HT. In 
particular, R ^ HT. 

2°. If M contains a relatively rigid type IIi von Neumann subalgebra then M ^ HT. In 
particular, if M contains L{G) for some infinite property T group G, or if M contains a 
property T factor, then M ^ HT . 

3°. If M contains a copy of some La(Z^) x^- Fi, with Fi a subgroup of finite index in 
SL{2,Z) and a an irrational rotation, then M ^ HT. 
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4°. If M has the property H (e.g., M ~ L(F„) for some 2 < n < oo) then M ^ HT. In 
fact such factors do not even contain suhf actors in the class TiT . 

Proof 1° is trivial by 6.8, 2° and 3° are clear by 5.4.2° and 4° follows from 5.4.1°. Q.E.D. 

6.11. Definition. A countable discrete group Fq is a (resp. H^^) group if there exists a 
free ergodic measure preserving action ao of Fq on the the standard probability space (X, jj) 
such that L°°(X, jj) C L°°(X, jj) Xo-oTo is an HT (resp. HTJ Cartan subalgebra. Note that 
a Hj, group has the property H but is not amenable. 

6.12. Problems. 1°. Characterise the class of all H^, (resp. ) groups. 

2°. Construct examples of free ergodic measure preserving actions cr of Fq = (or of 
any other non-inner amenable property H group Fq) on A = L°°{X, fj.) such that A (Z M = 
^ xio- Fq is not HT Cartan. Is this the case if cr is a Bernoulli shift ? 

6.13. Corollary. 1°. SL{2,Z),¥ > 2 as well as any arithmetic lattice in SU{n, 1) or 

SO{n, l),n>2, are HT^ groups. 

2°. Let F C Fq 6e an inclusion of groups with [Fq : F] < oo. Then Fq is an HT (resp. 
HT^j group if and only ifV is an HT (resp. HT^j group. 

3°. IfVQ is an HT group and Fi has the property H (for instance, ifVi is amenable) 
then Fq X Fi is an HT group. 

4°. // Fq is an HT group and Fi is amenable and acts on Fq then Fq xi Fi is an HT 
group. 

Proof. Part 1° follows from 6.9.1° — 3°, while parts 3° and 4° follow from 6.9.7. 

To prove 2° note first that by 3.1 and 2.3.3°, Fq has the property H iff F has the property 
H (this result can be easily proved directly, see e.g. [CCJJV]). 

If Fq is an H^ group and A <Z A x^Tq is HT Cartan and C ^ is so that C M is 
rigid and AqH M = A then Aq d A>^„V is also rigid, by 4.4.2°. Moreover, the fixed point 
algebra A^ is atomic (because [Fq : F] < oo), so if p is any minimal projection in AJ" then 
p{A F)p is a factor and Ap C p{A xio- F)p is an HT Cartan subalgebra. Thus, F is an H^ 
group. 

Conversely, if F is an H^ group, then let Fi C F be a subgroup of finite index so that 
Fi C Fq is normal. By the first part, Fi is an H^ group. By part 4°, it follows that Fq is 
an Hj, group. Q.E.D. 

7. SUBFACTORS OF AN HT FACTOR. 

In this section we prove that the class TiT is closed under extension/restrictions of finite 
Jones index. More than that, we show that the lattice of subfactors of finite index of a 
factor in the class TiT is extremely rigid. 

7.1. Lemma. Let N d M he an irreducible inclusion of factors with [M : A^] < oo and 
Ad N a Cartan subalgebra of N . Denote by N — J\fN{A) the normalizer of A in N . Then 
we have: 
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1°. A' n M is a homogeneous type Im algebra, for some 1 < m < oo, and if we denote 
Ai = Z{A' n M) then there exists a partition of the identity qi, q2, Qn £ ^(^i) such that 
Ai = 'EiAqi and EN{qi) = EA{qi) = l/n,Vz. 

2°. Af normalizes Ai and Q =^ spAiA^ = spAiM is a type IIi factor containing N, with 
[Q : N] = n. Moreover, Ai G Q is a Cartan subalgebra and we have the non- degenerate 
commuting square: 

N c Q 

u u 
A G Ai 

3°. J\f normalizes A'nM = A[nM ~ M^xm(^i) and P =^ sp{A[nM)N = sp(^'inM)j\^ 
is a type IIi factor containing Q, with [P : Q] = m^. Moreover, we have the non- degenerate 
commuting square 

Q C P 

u u 
Ai c A[nM 

4°. Any maximal abelian *-subalgebra A2 of A' n M = A'^n M is a Cartan subalgebra in 
P, with A2P C pPp implementing the same equivalence relation as Ai C Q, \/p E V{A2), 
t{p) = 1/m, i.e., TZa2pcpPp - T^AicQ (equivalently, T^AacP — ('^Aicq)"'A but with the 
two Cartan subalgebras possibly differing by their 2-cocycles. 

Proof. Since J\f normalizes A, it also normalizes A' H M, and thus Z{A' fl M) = Ai as 
well. In particular, AiAf = AfAi and {A' f] M)N' = Af{A' fl M), showing that spAiAf and 
sp(^' n M)J\f are *-algebras. Since A^' n M = AT' n M = C, this implies that Q,P are 
factors. In particular, this shows that the squares of inclusions in 2° and 3° are commuting 
and non-degenerate. Also, by definitions, Ai is Cartan in Q. 

Since C Q is a A-Markov inclusion, for = [Q : N] (see e.g., [Po2] for the definition), 
it follows that A C Ai, with the trace r inherited from M, is A-Markov. Thus, e = 
implements the conditional espectation E^'^ and Ai G B — {Ai, A) — {Ai, e) gives the basic 
construction for A <Z Ai. Moreover, since ^,^1 are abelian, it follows that Z{B) = A = 
JaiAJai and that 

A[nB^ Ja.AiJa, n {Ja.AJaJ' = JaA^i n A')Ja, = Ja.AiJa, = Ai. 

Thus, Ai is maximal abelian in B, implying that the Markov expectation of B onto Ai 
given by E{xey) = \xy, for x, y G Ai, is the unique expectation of B onto Ai. 

Also, for each u G A/", Adu acts on A d Ai r-preservingly. Thus, Adu extends uniquely 
to an automorphism du onB = {Ai, e^') = {Ai, e%) by 6'^(e^') = This automorphism 
leaves invariant the Markov trace on B. Also, since d^, tt G A/", act ergodically on ^ = Z{B), 
it follows that B is homogeneous of type 1^, for some n. By ([K2]), it follows that there exists 
a matrix units system {eij}i<ij<n in B such that B = A\/ sp{eij}ij with Ai = "EiAcu. 

By the uniqueness of the conditional expectation E of B onto Ai, it follows that if we 
put qi = en then E{X) = T,iqiXqi,\/X G B. In particular, the index of ^1 C -B is given by 
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A"-*^ = n = T{e)~^ and by Markovianity we have 1/n = E{e) = T^iqieqi. Thus, qieqi = n~^qi, 
and so eqiC = n~^e = E{qi)e as weU, since r(e) = T{qi). This ends the proof of 1° and 2°. 

Now, since Ai is the center of Si = A' r\ M = A'-^r\ M and Adtt, u e A/", act ergodically 
on Ai, it also foUows that Bi is homogeneous of type I^, for some m > 1. This clearly 
implies 3°. 

To prove 4°, let {fij}i<i,j<m C -Bi be a matrix units system in Bi such that A2 = 
HjAifjj and Bi = T,ijAifij (cf. [K2]). A2 is Cartan in P because by construction are 
in the normalizing groupoid of A2 in P. 

For each u E M let v{u) be a unitary element in Bi such that v{u){ufjjU*)v{u)* = fjj^^j 
(this is possible because ufjjU* and fjj have the same central trace 1/m in Bi). Since v{u) 
commute with Ai = Z{Bi), Vw e AA, it follows that Aifn with the action implemented on 
it by {v{u)u I u e M} is isomorphic to ^1 with the action implemented on it by M. Thus, 
the equivalence relation T^-yii/^ic/nM/n is the same as the equivalence relation TIa^izq, but 
with the 2-cocycle coming from the multiplication between the unitaries v{u)u,u G M (for 
Aifii C /iiM/11) possibly differing from the 2-cocycle given by the multiplication of the 
corresponding u E M (for Ai (Z Q). Q.E.D. 

7.2. Lemma. 1°. Let A^ C Mi he a maximal abelian *-subalgebra in the type IIi factor 
Ml . If there exists a von Neumann subalgebra A'^ C A^ such that A'^ C Mi is rigid and 
A^ (Z A^ n Ml has finite index (in the sense of [PiPojj, then A^ contains a von Neumann 
subalgebra Aq such that Aq C Mi is rigid and A^' fl Mi = A^ . 

2°. Let Mo C Ml be a subf actor of finite index with an HT (resp. HT^ j Cartan subalgebra 
A C Mq. If A^ C Ml is a maximal abelian *-subalgebra of Mi such that A^ D A and Mi 
has property H relative to A^ then A^ C Mi is an HT (resp. HT^j Cartan subalgebra. 

Proof 1°. Since A^ C A^' (1 Mi has finite index, it follows that A^' n Mi is a type 
I/in von Neumann algebra and A^ is maximal abelian in it (see e.g., [Po7]). It follows 
that there exists a finite partition of the identity with projections {fk}k in such that 

{fkYk n A^' n Ml c A^. Thus, if we let Al =^ ^kA^fk, then Al' n Mi c AK By 4.4.3° it 
follows that ^0 C Ml is a rigid embedding. 

2°. This is an immediate application of 1°, once we notice that if A^ G A is so that 
A^ C Mo is rigid and n Mo = A then A C A^' (1 Mi has index majorized by [Mi : Mo], 
implying that A^ (Z A^ fl Mi has finite index as well. Q.E.D. 

7.3. Theorem. Let N C M be an inclusion of type IIi factors with [M : N] < 00. Then 

we have: 

r. N eUT (resp. N e nrj if and only if M e HT (resp. M eUTJ. 

2°. Assume N' O M = C and N,M e HT. IfQ.PdM are the intermediate subfactors 
constructed out of an HT Cartan subalgebra of N, as in 7.1, then Q, P & TiT and the triple 
inclusion NcQcPcMis canonical. Moreover, the HT Cartan subalgebra of P is an 
HT Cartan subalgebra in M . 

3°. If M E HT and N G M is an irreducible subf actor then [M : N] is an integer. 
Moreover, the canonical weights of the graph Fjv.m of N <Z M are integer numbers. 
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Proof. 1°. Since the algebra {M,N) in the basic construction N <Z M C {M,N) is an 
amphfication of AT, by Theorem 6.6 it follows that it is sufficient to prove that ii N e HT 
(resp. N E HT) then M e HT (resp. M e HT). By 6.6.1°, it is in fact sufficient to prove 
this implication in the case A^' fl M = C. 

Let A C be an HT Cartan subalgebra and Ai = Z{A' DM) C Q be constructed out of 
^ C AT as in Lemma 7.1. We begin by showing that C Q is an HT Cartan subalgebra. 
Let qi,q2, ■■■,Qn E Ai (Z Q he so that Ai = T,iAqi, EN{qi) = EA{qi) = l/n, as in Lemma 
7.1. By the last part of 2.3.3°, it follows that Q has property H relative to A. But by the 
last part of 2.3.4° this implies Q has property H relative to Ai. Also, Ai G Q satisfies the 
conditions in part 2° of Lemma 7.2, implying that it is HT Cartan. 

Next we prove that if A2 is constructed as in part 3° of Lemma 7.1, then ^2 C P is an 
HT Cartan subalgebra. Let {eij}i<ij<m C flM be a matrix units system which together 
with Ai generates A'^ fl M and such that A2 = T,jAiejj. Since P has an orthonormal basis 
made up of unitary elements commuting with Ai, by the last part of 2.3.3° it follows that 
P has property H relative to Ai. By applying the last part of 2.3.4°, it then follows that P 
has property H relative to A2. Then 7.2.2° applies to deduce that ^2 C P is an HT Cartan 
subalgebra, which is even HT^ when A C N (and thus Ai C Q) is HT^ . 

Having proved that A2 G P is an HT Cartan subalgebra, we now prove that A2 is HT 
Cartan in M as well. By noticing that A2 is maximal abelian in M, 7.2.2° shows that it is 
sufficient to prove that M has property H relative to A2. To do this, we prove that if A3 
is any maximal abelian subalgebra in A2 fl Mi , where Mi = (M, P) , then A^ C Mi is HT 
Cartan. This would finish the proof, because by the first part of 2.3.4° Mi would have the 
property H relative to A2, and then by the first part of 2.3.3° this would imply M has the 
property H relative to A2. 

Since Mi is an amplification of P e HT, by Theorem 6.6 it follows that Mi, as well 
as any reduced of Mi by projections in Mi, belong to HT. Let jVi be the normalizer of 
A2 in P. Since A2 is regular in P, jV/' = P and Afi n Mi = P' n Mi. Let {p^t be a 
partition of the identity with minimal projections in P' n Mi. For each t, the inclusion 
A2p't C Pp't C p'lMip'i satisfies the hypothesis of Lemma 7.1. Thus, if A\ is a maximal 
abelian *-subalgebra of {A2p[y f\p[Mip[, then A2p[ is included in A\ and by 7.1.4°, A\ is 
semi- regular in p[Mip[. In addition, by 7.2.1° it follows that A2 contains a von Neumann 
subalgebra A\^ with A\l n pjMip^ = A\ and A*q C p'tMip[ rigid. Since p'tMip^ e HT, by 
Theorem 6.2 it follwos that A| C p^Mip'^ is HT Cartan. Moreover, Mi e HT implies 
A3 = TitA\ is HT Cartan in Mi, while clearly A2 <Z A^, by construction. 

2°. The triple inclusion (A^ G Q G P G M) depends on the choice of the Cartan 
subalgebra A G N. But such A is unique up to conjugacy by unitaries in A^, which leave 
fixed Q and P. The fact that the HT Cartan subalgebra of P is HT Cartan in M has been 
proved in part 1°. 

3°. With the notations in 1°, we have [M : A^] = nm'^[M : P], with [M : P] being itself 
an integer, since P contains a Cartan subalgebra of M (see e.g., [P08]). 

The weights Vk oiF — Fn^m are square roots of indices of irreducible subfactors appearing 
in the Jones tower for A?" C M. Thus, Vk are square roots of integers. Since = 1, 
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[M : N] & N and T is irreducible and has non-negative integer entries, by the relations 
comming from rr*^ = [M : N]v, it follows recursively that all Vk must be integers. Q.E.D. 

7.4- Definitions. Let C M be an irreducible inclusion of factors in the class HT with 
[M : N] < oo and let A?" C Q C P C M be the canonical triple inclusion defined in part 2° 
of Theorem 7.3. 

7.4- 1- NcQcPcMis called the canonical decomposition of AT c M. 

7.4.2. If M = Q, i.e., if the HT Cartan subalgebra ^ of iV is so that A' DM is abehan (thus 
HT Cartan in M) and M = sp AN = M, then C M is a type C_ inclusion (or subfactor). 
If A^ = P, i.e., if A' nM = A (so that A is Cartan in both A^ and M) then A^ C M is of 
type C+. If P = Q, i.e., if A' n M is abehan, then A^ C M is of type C±. 

7.4.3. If N — Q,P — M then A^ C M is of type Cq. More generally, an extremal inclusion 
N C M of factors in the class HT is of type Cq if the HT Cartan subalgebra A of N satisfies 
A'DM = AVPo, with Po ~ M^xm(C), m=[M : N]^/^, and M = sp(^' n M)N = spPoN. 

7.5. Theorem. 1°. Let N (Z M be an irreducible inclusion of factors in the class HT, 
with [M : A^] < cxD. N C M is of type C_ (resp. C+, C±,Co) if and only if its dual inclusion 
M C (M, N) is of type C+ (resp. C-,C±, Cq). 

2°. If N <Z M and M C L are irreducible inclusions of factors in the class HT with finite 
index and both of type C_ (resp. C+), then N (Z L is an irreducible inclusion of type C_ 
(resp. C+J. 

3°. If N G M and M G L are extremal inclusions of factors in the class HT, both of 
type Cq, then N G L is of type Cq and so are all subf actors of the form Np G pLp, with 

p e P(iV'nL). 

4°. Let N G M and M G L be irreducible inclusions of factors in the class HT with 
finite index and such that N G M is of type C+ and M G L is of type C_ . If A G N is a 
HT Cartan subalgebra then A' D L is abelian and each irreducible inclusion Np G pLp for 
p minimal projection in N' n L is of type C± . In particular this is the case if (M G L) = 
(M C {M,N)). 

5°. Let N G M be an inclusion of factors in the class HT with [M : AT] < 00. If 
N G M is either irreducible of type C_ or extremal of type Cq then N G {M, N) is a type 
Cq inclusion, and so are all subfactors of the form Np G p{M, N)p, for p projection in 

N' n (M, A^) . 

Proof 1°. Let A C A^ be an HT Cartan subalgebra of A^. If A^ C M is of type C_ 
then let A' (1 M = "EiAqi, where {qi}i<i<n G A' fl M is a partition of the identity with 
projections satisfying E]s[{qi) — l/n,Vi. Let a = e^'^'^l'^ and denote u — rCLiqiejssqi^x. We 
clearly have [w, A] = 0, wg^w* = gi+i and En{u^) = 0,Vj < n — 1. Thus, the HT Cartan 
subalgebra ^1 = ^' n M of M is maximal abelian in (M, AT) and is normalized by , with 
{M,N) = EjU^M, i.e., Ai is the HT Cartan subalgebra in {M,N) as weU, showing that 
M C {M,N) is of type C+. 

If N G M is of type C+, A G N G M is HT Cartan in both factors and tti, tt2, Un ^ 
J^m{A) are unitary elements such that M = TnUiN and E]sf{u*Uj) = dij then qj = UjCnu* 
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is a partition of the identity with projections in (M, A^) and we have A' D (M, N) = 
^jQjA, (M, N) = ^jqjM. Thus, M C (M, N) is of type C_. 

If TV C P C M is so that N C P is C-, P C M is C+ then we have the irreducible 
inclusions M C (M^P), which is C_, and {M,P) C {M,N), which is an amplification of 
P C (P, iV), thus of type C+. This shows that M C (M, iV) is C±. 

If AT c M is of type Co and ^ C AT is an HT Cartan subalgebra with A'nM = EijeijA for 
some matrix units system {eij}i<ij<m C A'nM, then let e'- = uiTikekieNejk, ^ < i, j < tu. 
It is immediate to check that {e'j^j}i,j is a matrix units system which commutes with A and 
with {eki}k,i, that {e^^ jij is an orthonormal basis of (M, N) over M and that {e'^jeki}i,j,k,i 
is an orthonormal basis of (M, A^) over A^. It follows that A' fl (M, A^) = sp{e^^efc;}ij^fc^;A. 
Thus, if ^2 C A' flM is a maximal abelian subalgebra, then A2 Pi (M, A") = T,ije\jA2. This 
shows that M C (M, A^) is of type Cq. 

2°. By duality in the Jones tower ([PiPo]) and part 1°, it is sufficient to prove that if 
A^ C M, M C L are of type C+ then so is A^ C L. But this is trivial, since if ^ C A?" is HT 
Cartan in A^ then it first follows Cartan in M, then in L. 

3°. Let {eij}i<i,j<m C A' n M be a matrix units system such that A' n M — T,ijeijA, 
as in the proof of the last part of 1° (thus, [M : N] = m^). Let A2 = T,jejjA, which follows 
HT Cartan in M. Let {fki}i<k,i<m' C ^2 L be a matrix units system such that A^HL = 
^k,lf'kiM-, with m'^ = [L : M]. Then {fts}t,s = {(^iif'ki^^ij \ 'i- < i,j < m,l < k,l < m'} 
is a matrix units system in A' Cl L and if we denote Pq ~ Mmm'xmm'i'C) the algebra it 
generates, then clearly EN{fst) — Sst/mm'. Since [L : N] — {mm'Y , and since we have the 
commuting square 

N C L 

u u 
A c A'nL 

as well as 

N d L 
U U 
A c ^ V Po 

with AV Pq G A' r\ L and with Pq containing an orthonormal system of L over A^ made up 
of mm' elements, it follows that AV Pq = A' f] L, thus showing that A/" C L is of type Cq. 

Finally, if p G V{N' fl L) then in particular p G A V Pq- By the above commuting squares, 
we have Ea{j>) = E]^{p) = t{p)1. But A = Z{A V Pq), implying that p has scalar central 
trace in A V Pq. Thus, (Ap)' fl pLp = p{A V Po)p is homogeneous of type I. Since we also 
have pLp — p{spPqN)p — p{spPo)pNp, this shows that Np C pLp is of type Cq. 

4°. Let Ad N be the HT Cartan subalgera of N, which is thus HT Cartan in M as well. 
Thus Ai = A' (IL is abelian with L = sp^iM. Since any irreducible projection p e N' f] L 
lies in Ai, by cutting these relations with p we obtain that (Ap)' CipLp is abelian, which by 
Lemma 7.1 means that Np C pLp has only type C_ and components in its canonical 
decomposition. 

5°. This is immediate from the proofs in 1° and the last part of 3°. Q.E.D. 
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7.6. Examples. 1°. Let Fq be a property H group and a a free weakly mixing measure 
preserving action of Tq on the probability space (X, ji) such that the Cartan subalgebra 

L°°{Xj n) — A C N = L°°{Xjh) Xcr To contains a von Neumann subalgebra Ai C A with 
A'lH N = A and Ai C N rigid. Let Fi C Fq be a subgroup of finite index and ao the left 
action of Fq on Fq/Fi. Let Aq = £°°(Fo/Fi) and M = A O x<t®<to Tq. 

Then N,M e HT and if we identify N with the subfactor of M generated by A = A(S)C 
and by the canonical unitaries {ug}g C M implementing the action a <S> ctq on A<S) Aq, then 

C M is an irreducible type C_ inclusion. Moreover, if we denote A^i = ^ V {ug}g^ri — 
AyifjFi G N then A'^i C is a type C_(_ inclusion and iVi C C M is a basic construction. 

We have [M : A^] = [A^ : A''!] = [Fq : Fi], the standard invariant of Ni G N coincides with 
the standard invariant ^ricFo of i? xi Fi C i? xi Fq studied in ([KoYa]) and the standard 
invariant of A?" C M is the dual of ^ricro- In particular, Ni C N C M are finite depth 
inclusions. 

2°. Let Fq, 0", A be as in example 1° above and let ttq be a finite dimensional irreducible 
projective representation of Fq on the Hilbert space Tio, with scalar 2-cocycle v. Let Bq = 
B{T-Co) and ao{g) — Ad7ro(fi') be the action of Fq on Bq implemented by ttq. Denote M = 
Mtto = A(S)Bo xio-(g)ao To and let A^ be the subfactor of M generated by ^ (g) 1 = Z{A Bq) 
and by the canonical unitaries {ug}g(^ro C M implementing the action cr (8) ctq. Thus, 
A^^AXcrFo, M~ Mnxni^ >^ (T,v Tq) a^d both belong to the class HT. 

Moreover, A^ C M is an irreducible type Co inclusion and its standard invariant coincides 
with the standard invariant of the generalized Wassermann-type subfactor corresponding to 
the projective representation ttq, i.e.: 

C C EndiUoy^ C End{nQ®7UY°®'^ C ... 
U U 
C C C^EndiHo)'^ C ... 

3°. Let a be the action of SL{2,Z) on Lq,(Z^) implemented by the action of S'L(2,Z) 
on Z^, as in 5.2.1° and 6.9.1°, for a a primitive root of 1 of order n. Let = Lq,(Z^) x^r 
S'L(2,Z), A = Z{Li,{7?)) and N = A\/ {ug}g the von Neumann algebra generated by A 
and the canonical unitaries in Mq^ implementing the action a. Then A^, Mq, G 7YT and 
N C Mq, is an irreducible inclusion of type Cq with [Mq, : N] = ri^. Indeed, we have already 
noticed in 6.9.1° that A^ G TiT, so by 7.3 we have Mq G HT^. Also, by construction we 
have A' n Mq = Lq(Z2) = A ® Sq, with Bq ~ M„xn(C), and Mq = spLq(Z2)A^. 

One can show that A^ C Mq is isomorphic to a type Cq inclusion A^ C Mtt;, as in example 
2°, when taking Fq = SL{2,Z), with a,ao the actions of 5L(2,Z) on A = Z{L^{Z'^)) ~ 
L((nZ)2), Bo = La{{Z/nZy) ~ M„xn(C). Note that the standard invariant ([Po3]) of A^ c 
Mq depends only on the order n of a, because if ttq, ttq are representations corresponding to 
primitive roots a, a' of order n then there exists an automorphism 7 of the group (Z/nZ)^ 
such that n' = tt o 7. But we do not know whether the isomorphism class of N G Mq, 
depends only on n. 

We now reformulate the results in Theorem 7.5 in terms of correspondences. For the 
definition of Connes' general N — M correspondences (or N — M Hilbert bimodules) H 
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=Ar 'Hmi of the adjoint 7i =m 'Hn oi 7i, as well as for the definition of the composition 
Tio K, (also called tensor product, or fusion) of correspondences H =n 'Hm-,^ =m see 
([C7], [Pol], [Sa]). 

7. 7. Definition. Let N,M e HT and /C be a AT — M correspondence, viewed as a Hilbert 

def 

N — M bimodule. Assume that dinijv/CM = dimjv/C-dim/CM < oo and that /C is irreducible, 
i.e., AT V (M°P)' = i3(/C). /C is of type C_ (resp. C+, C±, Cq) if the inclusion iV C (M°f )' is 
of type C- (rcsp. C+, C*±, Co), in the sense of Definitions 7.4. 

Finite index correspondences (resp. bimodules) between factors in the class 7iT will also 
be called HT correspondences (resp. HT bimodules). 

7.8. Corollary. Let n'HmtM be irreducible HT bimodules. 

1°. Ti. is of type C_ (resp. C+,C±,Co) iffTt is of type C+ (resp. C-, C±, Cq). 
2°. If bothTijfC are of type C- (resp. C+, resp. Cq) thenHoK is irreducible of type C- 
(resp. irred. C+, resp. a sum of irreducible Cq). In particular, the class o/HT bimodules 

(or correspondences) of type Cq over a HT factor forms a self adjoint tensor category. 

3°. IfH is of type C+ and JC is of type C- then Ho IC is a direct sum of irreducible type 
C± bimodules. Also, /C o /C is a direct sum of irreducible Cq bimodules. 

Proof. Part 1° is a reformulation of 7.5.1°, while 2° and 3° are direct consequences of 
7.5.2° -5°. Q.E.D. 

7.9. Definition. Let M G HT and 9 GAutM be a periodic automorphism of M, with 6"^ = id 
and O'^ outer VO < /c < n. Then 9 is of type C_ (resp. C_|_) if the inclusion M C M x^i Z/nZ 
is of type C_ (resp. C+). By the uniqueness of the HT Cartan subalgebra, this property is 
clearly a conjugacy invariant for 9. 

7.10. Corollary. The factor N = L{Z'^ x SL{2,Z)) has two non-conjugate period two 
automorphisms, one of type C_ and one of type C+ . 

Proof. In example 7.6.1°, take Pi C Pq = SL{2,X) a subgroup of index 2 and {X,ii) = 
(T^,//) with SL{2,Z) acting on it in the usual way. Then N = L{Z^ x S'L(2,Z)) and the 
resulting type C_ inclusion N (Z M given by the construction 7.6.1° is of index 2. Thus, by 
Goldman's Theorem, it is given by a period 2 automorphism 9-, which is thus of type C_. 
Alternatively, we can take 9- to be the automorphism given by the non-trivial character 
7 of X SL{2,Z) with 7^ = 1, defined by 7(a) = —a, 7(6) = 6, on the generators a, 6 of 
period 4, resp. 6 of SL{2,Z), and ^{Z'^) = 1. 

Now take 9^ to be the automorphism of N implemented by ( ^ ^1 ) ^ GL{2, Z). Thus, 



^0 -1^ 

iV C M = iV Xe^ Z/2Z coincides with L{Z^ x SL{2,Z)) C L{Z'^ x GL{2,Z)), and since 
GL{2, Z) acts freely on Z^, it follows that L(Z2)' n M = L{Z'^), so that AT c M is of type 
C+. Q.E.D. 

7.11. Question. Let N ~ L(Z^ x SL{2,Z)). Is then any irreducible type C_,C+ or Cq 
inclusion of factors N C M isomorphic to a "model" inclusion 7.6.1° — 7.6.2° ? 
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8. Betti numbers for HT factors. 

8.1. Definition. Let M G TiT and TZj^ be the standard equivalence relation implemented 
by the normalizer of the HT Cartan subalgebra of M, as in Corollary 6.5. Let {(3niJ^M )}n>o 
be the £^-Betti numbers of 7^^^, as defined by Gaboriau in ([G2]). For each n = 0, 1, 2, 

HT dcf HT 

we denote (3^ (M) = /3^(7^jy^ ) and call it the n'th P^^- Betti number (or simply the n'th 
Betti number) of M. By 6.5, (3'^^ {M) are isomorphism invariants for M. 

From the results in Section 6 and the properties proved by Gaboriau for £^-Betti numbers 
of standard equivalence relations, one immediately gets: 

8.2. Corollary. 0°. If M is of type Ih then /Sq^ (M) ^ and if M = M„xn(C) then 
/9o""(M) = l/n. 

1°. If A G M = A ><\a To is a HT Cartan subalgebra, for some countable discrete group 
Tq acting freely and ergodically on A c::^ L°°{X, jj), then (M) is equal to the n 'th £^-Betti 
number o/Fq, l3n{To), as defined in [ChG]). 

2°. IfMeHTandtyO then /3^^(M*) = /3{M)/t,yn. 

3°. If Ml, M2 G HT then for each n > we have the Kiinneth-type formula: 

HT HT HT 

(3^ (Mi®M2)= S (3, {Mi)pj (M2), 

where • 00 = and 6 • 00 = 00 ifb^O. 

4°. Let M e HT and let C M,k > 1, be an increasing sequence of sub factors with 
Nk] M (so thatNk G HT,fork large enough, by 6.8.3°). Then \im ini (Nk) > (3^^{M). 

Proof. 0°. This is trivial by the definitions and ([G2]). 

HT HT HT 

1°. By 8.1, we have /3„ (M) = (3n{'R-]^ ). But TZj^ = T^Tq, and by Gaboriau's theorem 
the latter has Betti numbers f3n{T^To) equal to the Cheeger-Gromov £^-Betti numbers /?n(ro) 
of the group Fq. 

2°. By Section 6 we know that the class HT is closed under amplifications and tensor 
products. Moreover, by 1.4.3 the "amplification" by t of a Cartan subalgebra A G M has a 
normalizer that gives rise to the standard equivalence relation {TZm Y- Then formula 2° is 
a consequence of Gaboriau's similar result for standard equivalence relations. 

Part 3° follows similarily, by taking into account that if Ai C Mi, ^2 C M2 are Cartan 
subalgebras then Af{Ai ® A2)" = {^f{Al)(g)^^{A2))". 

4°. By 6.8.3°, there exists ko and an HT^ Cartan subalgebra A of M such that A C 
Nk,^k > ko. Then the statement follows from Theorem 5.13 in ([G2]). Q.E.D. 

8.3. Corollary. 1°. If M E HT has at least one non-zero, finite Betti number then 
=F(M) = {1} and in fact M*i®... (g) M*"- is isomorphic to M'^^®... (g) M''"" if and only if 
n = m and ti...tn — si...Sm- Equivalently, {M®"^}m>i are stably non-isomorphic and all 
the tensor powers M®"^ have trivial fundamental group, ^^(M®"^) = {l},Vm > 1. 
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2°. If M E HT and /3i (M) 7^ 0, 00, then M is not the tensor product of two factors 
Ml, M2 in the class HT. More generally if fi^^ (M) is the first non-zero finite Betti number 
for M, then M®"^ cannot be expressed as the tensor product of km + 1 or more factors in 
the class HT. 

Proof 1°. First note that if M has (M) as first non-zero Betti number, then the formula 
(M*) = {M)/t imphes that M 9^ M* iftj^l. Thus, ^{M) = {1}. 
Also, by the Kiinneth formula 8.2.2°, if (Mj) is the first non-zero finite Betti number 

HT HT HT 

for Mi e HT, i = 1, 2„ and we put n = ni + 712, then (3^ (Mi^Ma) = (Mi)/3„ (M2), 
is the first non-zero finite Betti number for Mi®M2. 

Thus, /3fc^(M®"^) is the first non-zero finite Betti number for M®"^, m > 1, showing that 
{M'^^}m>i are stably non-isomorphic. 

2°. This is trivial by the first part of the proof and the Kiinneth formula 8.2.2°. Q.E.D. 

8.4. Corollary. 1°. Let N G M be an irreducible inclusion of factors in the class HT 

T T rri TJ T"" 

with [M : AT] < 00. If N d M is of type C_ then (M) = /3„ (AT), Vn. If N d M is of 

ffT J-f T 

type C+ then (M) = [M : N]P^ (N). 

2°. Let N C M be an extremal inclusion of factors in the class HT. If N <Z M is of type 

Co then 13"^ (M) = [M : iV]i/2^^^ (at), Vn. 

3°. If N C Q C P C M is the canonical decomposition of an irreducible inclusion of 

HT HT HT I HT 

factors N C M in the class HT, then (Q) = (N), (P) = [P : (N) and 

(5^ {M) = [M : P](3^ (P). 

4°. Let M e HT , N <Z M a subfactor of finite index, N,Mi{vk)k) the graph of 
N C M , with its standard weights. Let also {Hk}k be the list of irreducible Hilbert M- 
bimodules appearing in some L'^{Mn,T),n = 0,1,2,..., with {M C M{Hk)}k the cor- 
responding irreducible inclusions of factors. If (3^ (M) 0, 00 for some n > 1 then 

J-f T }-f T 

Vk = Pn {M{Hk))/(3n {M),\/k. Thus, 

HT HT 

riv,Mr*v,M(/5n {M{Hk)))k = [M:N]{(5, {MiHk)))k. 

Proof. 1°. If C M is of type C+ then TZ'^ is a subequi valence relation of index [M : N] 
in TZj^ , so by ([G2]) we have 

HT HT HT HT 

(3^ {M)=(3n{n^) = [M:N]l3r,{n^ ) = [M:N]/3^ (N). 

If iV C M is of type C_ then by part 1° of Theorem 7.5 M C (M, N) is of type C+. 
Since (M, N) is the [M : A?"] -amplification of A'", by the first part and by formula 8.2.2, we 
get: 

/?r(Ar) = [M : N]-'p""{{M,N)) = [M : N]-'[M : N]p"" (M) 
2°. If AT c M is of type Cq then by 7.1 the equivalence relation 7^^^ is a [M : N]^/"^- 

J-fT I-f T I J-{ T 

amplification of . Thus, (3^ (M) = [M : NY/^(3^ {N). 
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3°. This is just a combination of 1° and 2°. 

4°. Note that all subfactors M C M{Hk) appear as irreducibe inclusions of factors in 

some M C M2n- By Jones' formula for the local indices ([Jl]), if p is a minimal projection in 
M'nM2n with {Mp C pM2nP) - (M C MiHk)) then [M{nk) : M]/r{p)'^ = [M2n : M]. On 
the other hand, since M2n is the [M : A^] "^-amplification of M and since MiTik) — pM2nP, 
it follows that MCHk) is the t{p)[M : A^]"- amplification of M. By 8.2.2°, this yields 

T-T T' I T-f'T' T-fT' 

(3^ iMink)) = [Mink):M]y^p^ iM) = VkP^ (M). Q.E.D. 

Using the inventory of examples 6.9 of factors in the class TCT, and the calculations of 
£^-Betti numbers for groups in ([ChGr], [B]), from 8.2.1° above we get the following list of 
Betti numbers for factors: 

8.5. Corollary. 1°. If a & T is a primitive root of unity of order n, then Mq, = L^il?) xi 
SL{2,Z) e HT (of 6.9.1) and p"^ (Ma) = il2n)-\ while P^'^ {M^) = 0,VA; 7^ 1. 

2°. //q;, a' are primitive roots of unity of order n respectively n' then Mq, ~ M^' if and 
only if n = n' . 

Proof 1°. By 5.2.1°, 8.2.1° and 8.2.2°, f3"^ (Mc,) = pk{SL{2,Z))/n. But by ([B]) we have 
/3i(>5L(2, Z)) = 1/12, (3k{SL{2, Z)) = if /c ^ 1. 

2°. By 5.2.1°, if n = n' then ~ M^', while if n ^ n' then /^^ (M^) ^ /^i (M^O, so 
Ma 9^ Ma'. Q.E.D. 

8.6. Corollary. 1°. If M = L°°{S'^,X) x PSL{2,Z) as in 6.9.1' then {M) = 1/6 and 
/3r(M) = 0,Vn^l. 

2°. Let a be any of the actions 6.9.2 or 6.9.6 of the free group F„ on the diffuse abelian 
von Neumann algebra (A, t), and M = ^ x^. F„ the corresponding factor in the class HT. 

fTT J-f T 

Then /?! (M) = (n - 1), (3^ (M) = 0, V/c 1. 

3°. Let To be an arithmetic lattice in SU{n, l),?i > 2, or in S0{2n, 1), n > 1, and a a 
free ergodic trace preseving action o/Fq on the diffuse abelian von Neumann algebra A as in 
6.9.3 or 6.9.6. Let M — A yi^To E HT be the corresponding HT factor. Then (M) 7^ 
and (M) = 0, V/c 7^ n. Also, ifVo is an arithmetic lattice in some SO{2n + 1, l),n > 1, 
then the corresponding HT factors constructed in 6.9.3 satisfy (3^. (M) — 0,\/k > 0. 

4°. Let To be an HT group (in the sense of definition 6.11; e.g., any of the groups 
listed in 6.13) and Ti an infinite amenable group. Let M e HT be of the form M = 
L°°(X,ii) X (To X Ti) (cf 6.13.3°;. Then /?fe^(M) = 0,VA; > 0. 

Proof. For each of the groups in 1°,2° the £^-Betti numbers for certain specific co-compact 
actions were calculated in ([B]). Then the statements follow by ([G2], [ChGr]) and 8.2.1°. 
Similarly for 3°. Q.E.D. 

8.7. Corollary. //Fq = SL{2, Z), or i/Fo is an arithmetic lattice in SU{n, 1), SO{n, 1), 
for some n > 2, then there exist three non-isomorphic factors Mi = L°°(X, |u) x^-j Fq, 1 < 
i <3, in the class HT , with Mi G HT^, M2,3 ^ HT^, Mi^2 non-V and M3 with the property 
T. 
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Proof. All the groups mentioned have the property H (see 3.2). The statement then follows 
from the last part of 5.3.3°. Q.E.D. 

8.8. Corollary. There exist both property T and non-T type IIi factors M with trivial 
fundamental group, ^(M) = {1}. Moreover, such factors M can be taken to have non 
stably-isomorphic tensor powers, all with trivial fundamental group. 

8.9. Definition. Let M e HT. The W£- approximate dimension oi M, denoted ad^j,(M), is 
by definition Gaboriau's approximate dimension ([G2], [G3]) of the equivalence relation TZj^ 
associated with the HT Cartan subalgebra of M. Note that ad^^{M^) = ad^^{M),yt > 0. 

8.10. Corollary. Let M e HT be of the form Mj, = L°°{X,fj,) x Tj,, where T^ = Tq x 
F„j X ... X F„^., for som,e 2 < Ui < oo,Wl < i < k, with Tq an increasing union of finite 
groups. Then adjjr^{Mk) = k, so the factors Mk, k > 1, are non stably-isomorphic. 

Proof. By ([G3]), the approximate dimension of the group Tk, and thus of T^m^^ equal to 
k. Q.E.D. 

8.11. Definition. Let M G TiT and Out^^{M) be the countable discrete group defined in 
Corollary 6.7.2°. We call it the WT-outomorphism group of M. As noted in 6.7, Out^y(M) 
can be identified with the outer automorphism group of the equivalence relation 7?.^ , 
Out(7^^^) = Aut(7^^^)/Int(7^^^). Note that Out„y(M*) =Out^^(M),Vt > 0. The outer 
automorphism group of an equivalence relation TZ has been first considered by I.M. Singer 
in ([Si]), and was also studied in ([FM]). By 6.7 this group is discrete (with the quotient 
topology) and countable. Thus, it seems likely that Outj:^y(M) can be computed in certain 
specific examples. In this respect we mention the following: 

8.12. Problem. Calculate Outj^^(M) for M = L{Z^ x 5L(2,Z)), more generally for 
Mn = L{{I?Y X SL{2, Z)), with SL{2, Z) acting diagonally on {Z'^Y = © ••• © Let 
Qn be the normalizer of S'L(2, Z) in G'L(2n, Z), where S'L(2, Z) is embedded in G'L(2?i, Z) 
block-diagonally. Is Ovit^,j,{Mn) equal to the quotient group Qn/ SL{2,Z), in particular is 
Out^y(Mi) equal to {6'_|_,i(i}, for 0^ the C_|_ period 2 automorphism in Corollary 7.7 ? 

8.13. Remarks. 1°. Note that the above Corollary 8.8 (and also 8.5-8.7) solves Problem 3 
from Kadison's Baton Rouge list, providing lots of examples of factors M with the property 
that the algebra of n by n matrices over M is not isomorphic to M , for any n>2. 

2°. We could extend the definition of (M) to arbitrary IIi factors M, by simply 
letting (3^ (M) = 0,Vn, whenever M does not belong to the class HT. This definition 
would still be consistent with the property (3^ (M*) — (3^ {M)/t,Wt > 0. However, in 
order for this definition to also satisfy the Kiinneth formula (an imperative!), one needs to 
solve the following: 

8.13.2. Problem. Does M10M2 E HT imply Mi, M2 G HT ? 

Note that if this problem would have an affirmative answer, our factors A x F^^ G HT 
would follow prime, i.e., ^ x F„ would not be expressable as a tensor product of type IIi 
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factors Mi®M2. Indeed, this is because (5^ (Mi^Ma) = for Mi,M2 G HT , by the 
Kiinneth formula, while (3i xi F„) = n — 1 7^ 0. 

3°. It would be interesting to extend the class of factors in the "good class" for which 
a certain uniqueness result can be proved for some special type of Cartan subalgebras, 
beyond the HT factors we considered here. Such generalizations can go two ways: by cither 
extending the class of groups Vq for which A C A x^- Tq works, for certain a, or by showing 
that for the groups Tq we already considered here (e.g., the free groups) any action a works 
(see Problems 6.12.1° and respectively 6.12.2°, in this respect). 

4°. During a Conference at MSRI in May 2001 ([C6]), Alain Connes posed the prob- 
lem of constructing £^-type Betti number invariants f3k{M) for type IIi factors M, building 
on similar conceptual grounds as in ([A], [C4], [ChGr], [G2,3]), through appropriate defi- 
nitions of simplicial complexes, £^-homology/cohomology for M, and which should satisfy 
/3fc(L(Go)) = Pk{G()) for von Neumann factors M = L{Gq) associated to discrete groups 
Go. Thus, since /^fcfz^ x SL{2,Z)) = 0,V/c (cf. [ChGr]), such Betti numbers would give 
/3fe(L(Z2 X SL{2,Z))) = 0,V/c. 

Instead, our approach to defining £^-Betti numbers invariants was to restrict our attention 
to a class of factors M having a special type of Cartan subalgebras A, the HT ones, for 
which we could prove a uniqueness result, thus being able to use the notion of Betti numbers 
for equivalence relations in ([G2]). Thus, our Betti numbers are defined "relative" to HT 
Cartan subalgebras, a fact we emphasized by using the terminology "£^^-Betti numbers" 

HT HT 

and the notation "/3^ (M)" . When M = AyiGq these £^^-Betti numbers satisfy (M) = 
/3fe(G'o). In particular, if M = L{I? x 5L(2,Z)) then ^"'^ [M) = Pi{SL{2,Z)) ^ 0. Thus 
m) l3i{M), if (3k{M) could be defined as asked in ([C6]). 
Moreover, if such (3k{M) are possible, then according to Voiculescu's formula ([VI]) for 
the number of generators of the amplifications/compressions M* of the free group factors 
M = L(F^) (cf. also [Ra], [Dy], [Sh]), the first Betti number /3i(M*) (= (number of 
generators of M*) —1) should satisfy a formula of the type /3i(M*) = /3i(M)/t^, rather than 

H T H T 

Pi (M*) = (3i {M)/t, as we have in this paper! 

Appendix: Some conjugacy results. 

We prove here several conjugacy results for subalgebras in type Hi factors. The first 
one. Theorem A.l, plays a key role in the proof of 6.2. The starting point in its proof is 
the following simple observation: If Bq, B are finite von Neumann algebras for which there 
exists a Bq — B Hilbert bimodule Ti with dimTi^ < 00 then a suitable reduced algebra of 
-Bo is isomorphic to a subalgebra of some reduced of B. In the context of C*-algebras, this 
is reminiscent of the fact that imprimitivity bimodules entail Morrita equivalence. In the 
von Neumann context, if both Bq, B are subalgebras in some finite factor M then existence 
of Hilbert Bq ~ B bimodules Ti C L'^{M,t) with dimTi^ < 00 amounts to existence of 
finite projections in Bq fl {M,B) {{M,B) being the basic construction algebra) and the 
corresponding isomorphism of -Bo into B follows implemented by an element in M. 

The basic construction was first used in conjugacy problems by Christensen ([Chr]), to 
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study "small perturbations" of subalgebras of type IIi factors. Although in A.l we deal with 
conjugacy of subalgebras for which no "small distance" assumption is made, we still use the 
basic construction as a set-up for the proof. This framework allows us to use a trick inspired 
from ([Chr]), and then to utilise techniques from "subfactor theory", notably the pull down 
identity ([PiPo], [Po2,3]). We also use von Neumann algebra analysis of projections, with 
repeated use of results from ([K2]). For notations and elementary properties of the basic 
construction, see Section 1.3 and ([Jl], [PiPo], [Po2,3]). 

To state A.l, let M be a finite factor, B C M a von Neumann subalgebra and Uq <Z M 
be a subgroup of unitary elements. Let Bq = Uq be the von Neumann algebra it generates 
in M. For each h G {M,B), Tr{b*b) < oo, we denote by Ku^ih) the weak closure of the 
convex hull of {uqIiUq \ uq G Uq}, i.e., Kuo{h) — co" {uohuQ \ uq G Uq}. Note that Ku^ih) is 
also contained in the Hilbert space L'^{{M, B),Tr), where it is still weakly closed. 

Let h = huoih) G Kuoih) be the unique element of minimal norm || || 2, Tr in Kuoih). Since 
uK]j^^{h)u* = Ku^ih) and Hw/i-u* || 2, Tr = ll^lb, Tr, Vw G Uq, by the uniqueness of h it follows 
that uhu* =h,yueUo. Thus h eU^n (M, B) = B'^n (M, B). Moreover, by the definitions, 
we see that if < 6 < 1 then < < 1 and Tt{k) < Tr(6), for aU k G 

A.l. Theorem. Let M, B, Bq,Uo be as above. Assume the von Neumann subalgebra B C 

M is maximal abelian in M and Bq is abelian with Bqi =^ BqCiM still abelian (thus maximal 
abelian in M). Then the following conditions are equivalent: 
1°. The element /iWo(eB) is non-zero. 

2°. There exists a non-zero projection cq G -Bg H (M, B) with Tr(eo) < 00. 
3°. There exist non-zero projections qo E BqH M, q & B and a partial isometry w G M 
such that v*v = qo, vv* = q and vBqv* C Bq. 

Proof. 3° =^ 1°. li V satisfies condition 3° then Boqo is contained in v*Bv. Since 
commutes with B, it follows that cq = v*eBV commutes with Bq, i.e., cq & BqH {M,B). 
Also, Treo = Tr{v*eBv) < Tr(eB) = 1. 

1° =^ 2°. Let Co be the spectral projection of h = huQ{eB) corresponding to the 
interval (||/i||/2, 00). Then cq ^ and h > \eQ. Thus, 

Tr(eo) < 2Tr{h) < 2Tr{eB) < 00. 

Thus, Co is a finite projection in (M, B) and cq commutes with Bq (since h does). 

2° =^ 3°. Denote Mi = {M,B). Since BqCq is abelian, it is contained in a maximal 
abelian subalgebra Bi of eo-MiCo. Since Mi = { JBJ)'r\B{L'^M), it is a type I von Neumann 
algebra. Thus, by a result of Kadison ([K2]), Bi contains a non-zero abelian projection ei of 
Ml (i.e., eiMiCi is abelian). Since cb is a maximal abelian projection in Mi and has central 
support 1 in Mi, it follows that cb majorizes ei. Thus, ei satisfies ei(L^(M, r)) = for 
some C G L2(M, r). 

Let V G Ml be a partial isometry such that V*V = ei < eo and VV* < cb- It follows that 
VBiCiV* is a subalgebra of cbMiCb — Bcb. Since ei commutes with Bq, it follows that if 
we denote by /' the maximal projection in Bq such that f'ei = and let /o = 1 — /', then 
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there exists a unique isomorphism a from -Bq/o into B such that a{b)eB = VbV*,yb e -Bq/o- 
Let / = a{fo) e B. 

It follows that a{b)eBV — enVb^Wb G i?o/o- By applying $ to both sides and denoting a 
the square integrable operator a = ^{eBV) G L'^{M,t), it follows that a{b)a = ab,\/b G Bq. 
Since esa — cbV — V, it follows that a 7^ 0. 

By the usual trick, if we denote by f G M the unique partial isometry in the polar 
decomposition of a such that the right supports of a and vq coincide, then po = VqVq 
belongs to the algebra B'qD M = Sqi, which is abelian by hypothesis, p = vqVq belongs to 
{a{Bo)fy n fMf and a{b)vo = vob.Wb G Sq/q. 

But Bqi — Bq n M maximal abelian in M implies -Bqi/o maximal abelian in /qM/q. 
Moreover, since vqBqVq = a{Bo)p, if we denote Bn = ?;o-Boifo, then by spatiality we have 

Bii = voBoiv^ = vo{B'o n M)v^ 

= voBov*o' n pMp = {a{Bo)py n pMp = p{{a{Bo)f)' n fMf)p. 

Tis implies that p is an abelian projection in (Q;(i?o)/)' H fMf. Thus, if z is the central 
projection of p in (a(So)/)' n fMf then {{a{Bo)fy n fMf)z = {{a{Bo)zy D zMz is finite 
of type I. 

Since Bf is maximal abelian in fMf it follows that z G Bf and S2; is maximal abelian 
in the type I/j^ algebra {{a{BQ)zy D zM z. By ([K2]) it follows that there exists a projection 
fii G such that /n is equivalent to p in ((^(So)^)' H Let vi G ((q;(-Bo)2;)' fl zMz 

be such that tJif ^ = /n, = p and denote v — viVq G M. Then we have v*v — po E 
B'o, vv* = /ii G S and vBqv* = a{Bo)f^^ C Bf^^. Q.E.D. 

Our second conjugacy result, A. 2, is a "small perturbation"-type result, needed in the 
proofs of 4.5 and 6.6.3°. The starting point in its proof is a trick from ([Chr]). Then, like 
in A.l, we use techniques from ([Po2,3,7], [PiPo]). Note that the proof of Step 1 below is 
a refinement of the proof of (4.4.2 in [Pol]), while the proof of Step 2 is a refinement of an 
argument used in proving (4.5.1, 4.5.6 and 4.7.3 in [Pol]). 

A. 2. Theorem. For any £0 > there exists 5 > such that if M is a type IIi factor, 
B <Z M is a subf actor with B' n M = C, Bq (Z M is a von Neumann subalgebra with 
BqH M = Z{Bq), A/mI-Bq)" = M and Bq C5 B then there exists a unitary element u & M 
such that \\u — 1||2 < and uBqu* C B. 

Proof. Step 1. Let e — Sq/A. We first prove that 35 > such that if Bq,B C M satisfy 
B'qHM = Z{Bq) and Bq Cs B then 3po G V{Bq),p G V{B), a unital isomorphism 9 of 
PqBqPq into pBp, a projection q G ^(po-BoPo)' ^ pMp and a partial isometry v & M such 
that v*v = pq, vv* — q < p, \\v — 1\\2 < T{q) > 1 — £ and vbo = 9{bQ)v, V60 £ PqBqPq. 

To do this note first that if uq G U{Bq) then WuqCbUq — es||2 ^r/^ = 1 ~ Tr{eBUQeBGQ) 
= \\uo — Eb{uo)\\2 (see e.g., line 17 on page 322 in [Po9]). So if \\uo — E'b('Uo)||2 < 5, 
Wuq E Uq — U{Bq), then with the notations in A.l we get h — huoicB) E Bq n {M,B), 
with h < 1, Tr{h) < 1 and \\h - es||2,Tr < 2^/2(5. Thus, by (1.1 in [C2]) there exists 
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s > such that the spectral projection e of h corresponding to the interval [s, oo) satisfies 
||e - eslb.Tr < (25)^/^. Note that e e BqH (M, B) as well. We next want to show that by 
slightly shrinking e we may assume in addition (Boe)' fl e(M, B)e = Z{Bo)e. 

So let u e U{C), where C = (Boe)' n e{M,B)e. Since eB{M,B)eB = Bcb and e is 
(25)i/2-close to cb in the norm || \\2,Tr, if we denote by b the unique element in B with 
6e_B = cbucb, then tt is close to ebe in the norm || ||2,tr implemented by the normalized 
trace tr = Tr{e)-'^Tr on e{M,B)e. This implies that '||[e6e,'f;]||2,tr < £{S), e W(5oe), 
in which £(5) denotes from now on a constant depending on S, with lime{S) = (but 

5-^0 

s{S) possibly changing in each of the subsequent estimates). Since Bq n M = Z{Bq), if 
we average ehe by unitaries in Bqc, we see that u is £:(5)-close to an element in Z{BQ)e. 
Thus C Cg(^) Aq, where Aq = Z{Bo)e. Noticing that Aq C Z{C), we infer that this implies 
Be' e Z{C), withtr(e') > l-e{S) and Ce' = Aqc' , i.e., {Boe)' ne{M, B)e = 2(5o)e. Indeed, 
for if g' e Z{C) is the maximal projection with Cq' abelian and A C C is a maximal abelian 
*-subalgcbra with Aq C A then q' E A and there exists u e U{B{1 — q')) with £^yi(tt) = 0. 
Since q' + u (C) we have: 

tr(l - q') = \\u\\l,, = Wiq' + u) - EA{q' + u)\\l,, 

< \\{q' + u)-EA,{q' + ^)\\ltr<e{Sf. 

This reduces the problem to the case C is abelian, which is an easy exercise (e.g., use the 
argument on page 745 in [Po7]). 

Taking e' for e in the above, this shows that if Bq Gs B then 3e E B'q n (M, B) finite 
projection with ||e — eB\\2,Tr < and (-Boe)' fl e(M, B)e = Z{Bo)e. But by ([Po6]) the 
latter condition implies there exists Ai C Bq abelian such that Aic is maximal abelian in 
e(M, B)e. By ([K2]) there exists a projection P E Ai = Aie such that P is equivalent to the 
support projection of ee^e G e(M, i?)e. In particular, P is majorized by e^- Also, P, e and 
cb are £(5)-close one to another. By (1.2 in [C2]), there exists a partial isometry V G (M, B) 
such that V is £(5)-close to cb, V*V = P e Ai G B'q and VV* < cb- Like in ([Chr]) and 
in the proof of A.l, if po e Bq and p & B denote the support projections of V*V in Bq and 
respectively VV* in B then there exists a unital isomorphism ^ of pqBqPq into pSp such that 
VhQ = 6'(6o)V,V6o e pqBqPq. If we now take the partial isomtery v = $(y)|$(y)|~^ G M, 
then we still have vhQ — 9{bo)v,\/bo G pqBqPq and v is £(5)-close to 1 (using ||$(V^) — l||i < 
11^ — eslli.Tr and applying 2.1 in [C2]). Since v*v G {pqBqPq)' HpqMpq = Z{Bq)pq and 
VV* G 6{poBoPQy ripMp, letting q = vv*, we are done. 

Step 2. If pq,p, q,v,9 are as in Step 1, then vBqv* = 9{pQBQPQ)q, so by spatiality we 
have: 

q{9{pQBQPQ)' r\pMp)q = (vBqV*)' H qMq 

= v{poBop'onpoMpQ)v* = vZ{Bq)v* = Z{9{poBoPQ))q. 

In particular, g(6'(po-BoPo)' npBp)q = Z{9{poBQPQ))q. Since Z{9{poBopo)) C 9{pqBqPq)' n 
pSp this implies that there exists a normal conditional expectation i? of 9{pqBqPq)' HpBp 
onto Z'(6'(po-BoPo)) such that qxq = E{x)q^\lx G 9{pqBqPq)' DpBp. 
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Let e 9{j>qBqPq)' n pBp be the minimal projection such that qp' = q. By replacing 
if necessary 9 by 0{-)q', (while leaving v unchanged) we may thus assume p' = p. Thus, if 
a e 6{pqBqPq)' r\pBp satisfies aq — Q then the support of a* a follows majorized by p—p' = 0, 
implying that a = and showing that E is faithful. Since q implements the normal faithful 
conditional expectation E of 6{pqBqPq)' HpBp onto Z{9{poBoPq)), it follows that the weak 
closure of sp{xqy \ x,y E O^pqBqPq)' fl pBp} is a finite von Neumann subalgebra Q of pMp 
with qQq ~ Z(^(po-BoPo))- Since q has support 1 in Q, this shows that Q is type \fin- But 
(5 contains (^(po-BoPo)'np5p)lQ, which is isomorphic to 9{pqBqPq)' HpBp. Thus, the latter 
follows type Ifi^ as well. 

Let q' e Z{9{pqBqPq))[c Z{9{pqBqPq)' HpBp)) be the maximal projection with 

q'Z{9{poBoPo)) = q'{9{poBoPoyr)pBp). 

It follows that there exists b G L'^{9{poBoP())'npBp){p—q') with E{b) = and E{b*b) = p—q' 
(see e.g., [Po2]). This shows that bqb* is a projection orthogonal to q{p — q') and equivalent 
to q{p — q'), while still under p — q' . Thus 

riqip-q'))=Tibq(p-q')b*) 

<T{{l-q){p-q'))<T{l-q)<e. 

Thus, 1 — £ — T(q'') < t{p — q') < 2e, implying that T{q') > 1 — 3e. This shows that by 
"cutting everything" by q' we may assume 9{j)qBqPq)' DpBp = Z{9(poBqPo)). 

Since Bq is regular in M, pqBqPq is regular in poMpo (see e.g. [JPo]) and thus, by 
spatiality, 9{poBopo)q is regular in qMq. Since 9{j>qBqPq) 3 b bq E 9{poBopo)q is an 
isomorphism, for each u G ■AfqMq{9{poBoPo)q) there exists an automorphism of 9{pqBqPq) 
such that ttbq'tt* = au{b)q,\/b G 9{pqBqPq). Thus, m6 = au{b)u,\/b G 9{pqBqpq). 

By applying to both sides of this equality, it follows that EB{u)b = au{b)EB{u),\/b G 
6'(po-SoPo)- By also taking into account that 0(po-BoPo)' ripBp C 9{pqBqPq), this shows that 
if i?i C pSp denotes the von Neumann algebra generated by the normalizer of 9{poBopo) in 
pBp then EB{.AfqMq{9ipoBopo)q) C Bi. By the regularity of 9(j)oBopo)q in gMg, this entails 
EsiqMq) C -Bi as well. Since q < p and T(g) > 1 — £, we thus have pBp Cg -Bi C pBp. 
Taking into account that pBp is a factor, this implies there exists a projection p" G 2{Bi) 
with t{p") >l-2e such that Bip" = p"Bp". 

By cutting with p" we may thus also assume 9{pqBqPq) is regular in pBp. Since pSp' fl 
pMp — Cp, this implies A/i = N'pBp{9{poBopo)) satisfies A/"/ H pMp — Cp. Since A/i also 
normalizes the algebras Z{0{pqBqPq)) — 9{pqBqPq)' HpBp and 9{pqBqPq)' HpMp, it follows 
that it acts ergodically on both. By ergodicity, 9{pqBqPq)' r\pMp follows either homogeneous 
of type Ifij^ or of type IIi. Since q{9{j>QBQPQ)' n pMp)q = Z{9{poBopQ))q is abelian and 
T{q) > 1/2 (for e chosen sufficiently small), 9{poBqPo)' (IpMp follows abelian. 

Denote Aq — Z{9(j)oBopo)), Ai — 9{pqBqPq)' H pMp, Nq — pBp and Qo the factor 
generated by jVi and Ai in pMp. Thus, we have Nq f] Qo = C and the non-degenerate 



78 



SORIN POPA 



commuting square 

No c Qo 

u u 

(Recall that we also have g e Ai, Aiq = Aqq and T(g) > 1 — £.) 

Thus, if e = denotes the Jones projection corresponding to the inclusion A^o C Qo 
then Ao <Z Ai C. {Ai,e) is the basic construction for Aq C Ai. Since Z{{Ai,e)) — Ao and 
since jVi acts on Ao C with the action on Aq being ergodic, it follows that (Ai,e) is 
homogeneous of type I. But q{AieAi)q = Ao{qeq)Ao, and since [^o, ^e?] = this implies 
q{Ai,e)q — Aoqeq. Thus, q{Ai,e)q is abelian. Equivalently, q is an abelian projection in 
(Ai, e). But then q is majorised by e in {Ai, e). Thus q is majorised by e in (Qo, e) as well, 
showing that q is finite in {Qo, e). 

But q enters finitely many times in Ig, in the factor Qo-, which is a subalgebra of (Qo, e). 
Thus (Qo, e) is a finite factor and r(e) > T(q') > 1 — e > 1/2. By Jones Theorem, e = 1 and 
-^0 = Qo- In particular, g e 9(poBopo), so q = p. Thus, v*v = po & Bo,vv* = p & B and 
v{pqBoPo)v* C pBp. Since the normaliser of Bo acts ergodically on the center of Bq and i? 
is a factor, there exists a unitary element u G M such that upo — v and uBou* C S. But 
then ||1 - u\\2 < ||1 - v\\2 + \\v - u\\2 < 26^2 = Q.E.D. 

Our last conjugacy result, somewhat technical, is needed in the proof of 4.3.2°. 

A. 3. Theorem. Let M be a type IIi factor and P, Q C M von Neumann subalgebras. 
Assume there exists a group of unitary elements Wo C P that normalizes Q and satisfies 
N^nM = Q' n Z{No), where No = Uq . If Q CgQ P, for some Sq < 1/2, then there exists a 
non-zero projection p & Q' H Z{No) such that Qp C P. 

Proof Let M c""^ {M,ep) be the basic construction for P C M, with Tr and $ the 
canonical trace and weight, respectively, as in 1.3.1. The statement is equivalent to proving 
that there exists p E Q' r\ Z{No), p^O, such that [Qp,ep] = 0. 

Let k be the unique element of minimal norm || II2, Tr in = co^{uepu* \ u e U{Q)}. 
Note that < k < 1, Tr{k) < 1. Also, since for u e U{Q) we have 

\\ep - uepu*\\l T^ = 2 - 2||£;p(m)||| = 2\\u - Ep{u)\\l < 2sl, 

by taking convex combinations and weak limits it follows that — ep||2 j-^, < ^Eq < 1/2. 

Since uKu* = K and || 2, Tr = || ^|| 2, Tr,Vw G V({Q), by the uniqueness of k as 
the element of minimal norm || II2, Tr in K, it follows that uku* — k,^u E U{Q). Thus 
[k,Q] = 0. Moreover, if v e Wo C P then [u,ep] = and vQv* = Q, implying that 
v{uepu*)v* = {vuv*)ep{vu*v*) C -PC, Vtt e U{Q). Thus, vKv* = K and so, by the 
uniqueness of k, [k,v\ = 0. Since lAo generates A^o, it follows that k and all its spectral 
projections commute with both Q and A'q = Uq. 

Together with [ep,Ao] = this yields [kep,No\ — and further on, by applying the 
operator valued weight $ of (M, ep) on M (which is M-bimodular, thus A^o-bimodular as 
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well) and letting a = $(/cep), gives [a, Nq] = 0. Equivalently, a e NqD M = Q' O Z{Nq). 
Since Z{Nq) C Nq C P, a E P and so [a, ep] = 0. Together with aep = kep, this entails 
aep — epaep = epkep > 0, and so a > 0. In particular, a = a*. Thus, kep = aep = 
(aep)* = (kep)* = epk, showing that [/c, ep] = 0. 

Let now ei be the spectral projection of k corresponding to the set {!}. Thus ei = ei/c e 
co™{w(eiep)M* I u G Uo}, showing that ei < ep. Thus, if p — $(ei) then p is a projection 
in P with ei = pep, \p,Q\/ Nq] = and [ep, Qp] = 0. Thus, we are done, provided we can 
show that p 7^ 0. 

Assume by contradiction ei = 0. We show that this implies that for any spectral pro- 
jection e of k, ecp is majorized by e(l — ep) in (M, ep). Indeed, for if this is not the case 
then there exists a projection z in Z{{M, ep)) and a partial isometry w G (M, ep) such that 
^ zeep, tutu* = 2;e(l — ep). If we denote b = ^{w), then 6ep = w and so 

66* = ^{ww*) = $(^e(l - ep)) G iV^ n M = Q' n Z(iVo). 

Similarly, g — ^{ezep) is a projection in P which commutes with A^o, thus lying in Q' n 
Z{Nq) C p. Noticing that bb* > bepb* = ze{l - ep) and that the morphism Q' (1 Z{No) 3 
X H- > xze{l — ep) has support q (because ei = 0), it follows that bb* > q. Thus 

T{q) = Tr{zeep) ^ Tr{w*w) = Tr{ww*) = T(bb*) > T{q), 

a contradiction. 

In particular, since eep -< e(l — ep) for any spectral projection e of k, we have — 
ep) II 2, Tr > ||A;ep||2,Tr- By Pythagora, this gives 

t((1 - k)^) + t(/c2) < ||/cep - eplll^^ + ||/c(l - ep)\\l^j^^ = \\k - epf^^^, < 1/2 

Thus > t(2(1 - /c)2 + 2fc2 - 1) = t(1 - 4/c + 4A;2) = r((l - 2/c)2). This final contradiction 
ends the proof of the Theorem. Q.E.D. 
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